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Making Magnetron Sputtering Work:  Modelling Reactive Sputtering Dynamics, Part 2
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It is highly advantageous to understand the dynamics of a 
representative large-scale reactive sputtering process, particularly 
when operating in the transition mode between the metallic state 

(with only a small fraction covered with compound) and the poisoned 
state (approaching unity coverage with compound) of the target. A 
static model can be used to find the equilibrium characteristics of 
the process. Then analysis of a linearized model can provide insight 
into the dynamics at a particular operating point. When reactive 
sputtering processes are operated in the naturally unstable transition 
region, where the slope of the reactive gas pressure-versus-flow curve 
reverses, they must be stabilized with output feedback control to permit 
stable operation. Published data can be used to construct a model 
of a representative large-area reactive sputtering process, as used in 
industrial glass coaters. Linear analysis of the linearized model can 
provide insight into open and closed loop dynamics and stability. This 
article addresses the development of the detailed equations for the 
linearized dynamical models and shows the outcome of eigenvalue 
analysis for a specific example system.

Introduction
The stability of the reactive sputtering process is of paramount 

importance. “Stability” can have broad meaning. There is, on one hand, 

the intrinsic stability, which often implies freedom from oscillation, 

or perhaps the ability to stay within a bound-able neighborhood 

of a desired operating point. In the first part of this article, Part 1, I 

developed the equations for the dynamical version of the Berg Model 

[1]. In this article, I will develop the idea of using the dynamical model 

to gain insight into the dynamics and stability of the process based on 

eigenvalue analysis of the model linearized at the operating point. By 

nature, the model is non-linear. By linearizing, it is possible to gain 

insight into the behavior of the process in the neighborhood of the 

operating point by using linear analysis tools. 

Part 1 ended up with a model, shown in Figure 1, comprised of 

three coupled nonlinear differential equations, with reactive gas flow as 

the input and reactive gas partial pressure as the output. The states of 

the model are reactive gas partial pressure, target coverage fraction, and 

chamber surfaces coverage fraction. The state vector x is 

where P (Pa) is the pressure of the reactive gas, θt is the fraction of 
the target covered with compound, and θs is the chamber surfaces 
coverage fraction. he input vector is

where Qin (molecules/sec) is the input reactive gas flow.

Figure 1. Block diagram of the dynamical reactive sputtering process model.

The system represented as a function of x and u is

as shown in Figure 1 where 

which is simply the first derivative of the state vector with respect to 
time. The next step will be to linearize the model, to enable application 
of linear analysis and design tools to this fundamentally nonlinear 
system.

The Linearized Model
The non-linear differential equations for the Berg reactive sputtering 
model can be linearized to yield a set of linear differential equations 
modeling the process in a smaller (very localized) neighborhood. Now, 
in order to enable analysis with a wide range of linear tools, the non-
linear system will be linearized [2] so it can be represented as

where A is a square matrix obtained by taking the Jacobian (matrix of 
first-order partial derivatives) of f(x,u) with respect to x and evaluating 
it at the desired operating point, written as

where the equilibrium input corresponding to the process operating 
point is uop, and the state vector at equilibrium is xop. The Jacobian of 
f(x,u) with respect to u evaluated at the operating point is B, written as

The stability of the process at the operating point can be assessed by 

examining the eigenvalues of A. For stability, the eigenvalues must be in 

the open left half of the complex plane. The next step will be to look at 

a model of a physical reactive sputtering process.

Example Model
In order to demonstrate linear analysis of a reactive sputtering system, a 
system for which data are published was studied [3]. Model parameters, 
listed in Table 1, were chosen to be representative of a large area, mid-
frequency dual magnetron coating process with magnetrons 2 meters 
long operating at about 120 kW.
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Table 1. Parameters used for large area TiO2 process arc response simulation [3]. 

The operating point for simulations in the transition region was 

calculated by the static Berg Model, implemented in a spreadsheet. 

Results are shown in Figure 2. The transition region is the portion in 

the curves where the sign of the slope is reversed with respect to the 

beginning and end of the curves. In general, open loop operation in 

the transition region is impossible, so feedback control must be used 

to achieve operation there. A representative transition region operating 

point is denoted by the diamonds on the curves.

Figure 2. Oxygen partial pressure and deposition rate versus oxygen flow calculations from the static 
model. A representative transition region operating point is denoted by the diamonds on the curves.

Eigenvalue Analysis
Evaluating eigenvalues of matrix A in the linearized model as a function 
of partial pressure suggests unstable (hence, inaccessible) regions 
consistent with general reactive sputtering process experience. Figure 3

shows oxygen partial pressure and rate as a function of oxygen flow. 
The black arrows show typical characteristics under flow control, with 
hysteresis owing to the multiple values of partial pressure and instability 
in the transition region. Figure 4 shows the real part of the three 
eigenvalues of A as a function of oxygen pressure. Figure 5 shows the 

same with an expanded vertical axis showing clearly that non-negativity 
of the real part of one eigenvalue coincides exactly with the unstable 
transition region.

Figure 3. Process characteristics of the example model. The transition region is unstable. The black arrows 
trace out the typical hysteresis seen with flow control of the process.

Figure 4. Oxygen flow and the real part of the eigenvalues of the linearized system as a function of oxygen 
partial pressure.

Figure 5. The real part of one eigenvalue as a function of oxygen partial pressure (zoomed in from Figure 
4) showing that the unstable transition region coincides with a positive real part of an eigenvalue.

continues on page 32
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Figure 6 shows oxygen flow and the imaginary part of the 

eigenvalues of A, and Figure 7 shows the locus of the eigenvalues. The 

presence of a complex conjugate pair of eigenvalues indicates that 

part of the response of the system to a step change could be a damped 

sinusoid with an exponential envelope.

Figure 6. The imaginary part of the eigenvalues. Non-zero imaginary parts correspond to a complex 
conjugate pair of eigenvalues, consistent with damped oscillatory behavior when the real parts are 
negative.

Figure 7. The locus of the eigenvalues, showing a complex conjugate pair and single real eigenvalues.

From the eigenvalue analysis, it is evident that feedback control is 

necessary to stabilize the example system in the transition region.

Stabilizing Controller Design
The transition region, unstable and “inaccessible” in open loop 
operation, can be accessed by stabilizing with feedback control. A 
closed loop system using state feedback is shown in Figure 8. The 
starting point was the system in Figure 1. The system in Figure 8 has 
provisions for insertion of an operating point for the state, xop, and 
for the input, uop. This feedback system structure lends itself to use 

of the Linear Quadratic Regulator (LQR) approach for the controller 
design [5]. The LQR technique offers some guarantees of stability and 
performance; In general it produces controllers which are well behaved. 
For purposes of the work described here, the LQR design was done with 
the MATLAB® Control Systems Toolbox. The approach requires that 
all states be available for feedback, because it (LQR) generates a state 
feedback gain vector k. In this case there is only partial state feedback 
available since coverage fraction measurements are not (yet) practical. 
Design of the controller started with the state feedback vector k
generated by LQR, then k2 and k3 were set to zero since target coverage 
and chamber coverage states are not available as measurements. Then 
k1, corresponding to partial pressure, was used as a starting point for 
gain for partial pressure feedback. To provide adequate robustness, 
eigenvalues of the closed loop system were evaluated for a range of k1

values. Then a value of k1 was chosen for sufficient margin to ensure 
stability. The result is a system which controls partial pressure.

Figure 8. Closed loop system block diagram with stabilizing controller.

Eigenvalues in the closed right half of the complex plane indicate 

that it will be necessary to stabilize the system with feedback in order 

to operate it in the transition region. More formally, the stabilization is 

accomplished by adding feedback to the equilibrium open loop input 

uop. With state feedback, the input is

so the linearized closed loop system matrix, A’, becomes

The stabilizing control design methodology was to use the linear 
quadratic regulator (LQR) design technique [5] to arrive at a starting 
place for the state feedback gain vector k, simply using the identity 
matrix for both input and state penalties. The result was a state feedback 
regulator, with feedback from all three states. However, practical means 
of measuring the coverage fractions do not yet exist, so partial state 
feedback, of reactive gas pressure feedback alone, was used. This implies 
that the elements of

corresponding to the coverage fractions need to be zero, so k2 = 0, 
k3 = 0, and

Closed loop stability must be checked, and the value of k1 provided 
by LQR may have to be adjusted to provide sufficient gain margin to 
simulate the system.

In this example a controller was designed to stabilize the closed loop 

system at the operating point denoted by the diamonds on the curves 

in Figure 2. After arriving at a starting point for k1 as described above, 

the closed loop eigenvalues (eigenvalues of A’) were plotted, varying k1
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as a parameter. The locus of the complex eigenvalues of A’ is shown in 

Figure 9. This plot shows that one eigenvalue has a positive real part 

at the starting point, but that it becomes negative as k1 is increased, 

resulting in a stable system. Figure 10 shows how the real part of all 

three eigenvalues varies as a function of k1.

Figure 9. Locus of eigenvalues for the closed loop system, as k1 is varied.

Figure 10. Variation of the real part of the eigenvalues as a function of k1. The eigenvalues must be 
negative for stable operation.

This is an example of one method to design a feedback controller to 

stabilize a reactive sputtering process in the transition region.

Summary/Conclusions 
In this article, I showed that eigenvalue analysis of the dynamical Berg 
model linearized at the operating point provides a means of assessing 
the stability of reactive sputtering processes. Feedback control can 
be used to stabilize a reactive sputtering process in the transition 
region. For the controller design, LQR can generate a starting point 
for choosing k1 for stabilization by partial state feedback, using partial 
pressure for feedback. A sweep of k1 can be used to select a value to 
ensure stability. In Part 3 of this article, I will show that partial state 
feedback is useful especially for simulation where the model (“process”) 
properties are exactly known, by putting eigenvalues where stable to 
allow temporal simulation.
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