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L ow dimensional materials (LDM) are the next generation of thin 
fi lms. Figure 1 shows the progress of dimensional structures from 
bulk to quantum dots. LDM’s include such structures as superlat-

tices, quantum wires, quantum dots, nanotubes and metamaterials, and 
are used in numerous applications, including thin fi lm solar cells, dye 
sensitized solar cells, photonic crystals, negative refractive index materi-
als (cloaking devices and super lenses for example), light emitting 
devices,  optical switching devices, quantum cascade lasers, nanolami-
nates and thermoelectric devices. In order to understand how these 
structures operate, it is necessary to introduce basic quantum mechan-
ics. Th is entails a basic understanding of 

• Density of energy states in a crystal
• Quantum wells and multiquantum wells
The concept of density of states (g(E)) corresponds to the number 

of allowed electron energy states per unit energy in a crystal. Virtually 
every electronic and optical property of crystals ,and especially semi-
conductors, can be traced back to g(E). As we will see below, LDM’s 
give us the capability to engineer g(E). The density of states is related to 
its counterpart in k-space by 

 g(E)dE = g(k)dk   [1]
Here the reciprocal lattice vector is defined as ki = 2πn/Li, where Li is 
lattice constant in direction i(= x,y,z) and n is an integer = 0, ±1, ±2,…. 
Note that k(r) is actually a vector quantity and = kxx + kyy + kzz.

For a free electron the energy has the parabolic relationship with k: 
E(k) = ħ2k2/2m  and for an electron in near the bottom of the conduc-
tion band of a semiconductor E(k) = ħ2k2/2m*, where m* is the electron 
effective mass and ħ is Planck’s constant h divided by 2π. The density 
of states then for the 3-D, or bulk material, shown in Figure 2, has the 
parabolic relationship  

 g3D ~ (E)1/2  

Figure 1. Progression of structural dimensions from bulk to quantum dots.

It will be important to keep this behavior, also typical of thin films, 
in mind for the following discussion.

In structures on the order of 1 – 10 nm the motion of an electron 
can be confined in one or more dimensions in space. The one dimen-
sional (1-D) case is defined as the quantum well and is the building 
block of virtually all LDM’s, including multiple quantum wells. The 
basic quantum well, shown in Figure 3b, confines the motion of elec-
trons in one direction while they are free to move in the other two 
directions. The energy profile is generated by sandwiching one semi-
conductor with thickness, a, between two semiconductors of a different 
material and different band gap. Figure 3b shows a quantum well con-
sisting of GaAs and AlGaAs. The potential barrier for the GaAs/AlGaAs 
quantum well is 0.347 eV.
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Figure 3a. Potential energy profile of a generic quantum well [1].
Figure 3b. Energy profile of a GaAs/AlGaAs quantum well [2]. 

The electron’s wave function ψ(x) is found by solving the 
Schrodinger equation for a given energy system and defines its motion 
in the conduction band and ultimately its allowed energies. The wave-
function is periodic in the wave vector k with the general solution

ψ(x) = A+eikx + A-E-ikx

Here A+ and A- are constants. In terms of dimensions of the 
quantum well: k = π(nw

2/Lx
2 + ny

2/Ly
2 + ny

2/Ly
2 )1/2.

Figure 4 shows the possible wave functions and allowed energy levels 
for an electron confined in a quantum well of width a and depth U0. 

Figure 2. Energy dependence of the density of states of a bulk, or 3D material 
[1].
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In plane, motion is essentially that of a free particle (E(k) = ħ2(ky
2 + 

kz
2)/2m*). Here we are interested mainly in motion perpendicular to 

the plane of the well. The energy of the electron in the quantum well 
can then be expressed as

 En = ħ2(kn)2/2m*  
Note that in the direction perpendicular to the motion of the elec-

tron, the wave functions extend a short distance beyond the boundaries 
of the well (x = 0 and x = a). The wave function decays outside the well 
~ exp(αn x) with the extinction coefficient

 αn = (2m*(U0 - En)/ħ2)1/2 
If E > U0 , then the wave function does not decay and is not con-

fined within the well.

Figure 4. Wave functions and allowed energy levels for an electron confined 
in a quantum well. 

The total energy spectrum of the electron within the quantum well 
is  E(k) + En but En is the only energy that is quantized and indexed by 
the integer n. We now have enough information to address the density 

of energy states (DOS) for the 2-D, 1-D and 0-D cases shown in Figure 
1. These cases can be defined as
•  2-D (multiquantum well, superlattice): a potential well that confines 

particles in one dimension (x), forcing them to occupy a planar 
region (y-z plane)

•  1-D (quantum wire): an electrically conducting wire, in which 
quantum transport effects are important

•  0-D (quantum dots): a semiconductor crystal that confines electrons, 
holes or electron hole pairs in zero dimensions

Figure 5 provides a generic overview of the progression of DOS 
functions as dimensions are reduced [3] and Figure 6 compares the 
3-D and 2-D density of states in more detail. Because we still have free 
particle motion in the y-z plane, the 2-D DOS is enveloped by the 3-D 
function (recall g(E) ~ E1/2). The 2-D DOS is a step function with dis-
continuities at the quantized energy levels (En = E1, E2, E3..). 

The 1-D case gets even more restricted in energy, as shown in Figure 
7a. For the case of quantum wires, motion of electrons is confined in 
two directions (x and y for example) and free in the remaining direction 
(e.g., z). Highly spiked subbands are generated and the DOS varies ~ 
E-1/2 in each subband defined by two consecutive energy levels (Ex)n + 
(Ey)m. 

Finally, Figure 7b compares bulk and quantum dots (3-D and 0-D). 
Motion of electrons is totally confined within a quantum “box”. In 
this case, there is no possibility of free particle motion and the energy 
spectrum is completely discrete, or quantized. The DOS is essentially 
a series of δ-functions located at the quantum states in the x, y, and z 
directions:

g0D
(E) = 2Σδ[(Ex)n + (Ey)m + (Ez)l –E] summed over n, m and l. 

Quantum dots can be thought of as artificial atoms or molcules. In 
continued on page 42
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reality, all the above DOS functions are somewhat smeared out in real 
materials due to the finite lifetime of the electron.

Figure 5. Generic electronic density of states for 3-D, 2-D, 1-D and 0-D semi-
conductors [3].

Figure 6. Comparison of 3-D and 2-D density of states for a quantum well in 
the x-direction [1].

We now briefly address examples of the low dimensional structures 
discussed above to illuminate their salient features. Due to the com-
plexity of the physics involved only the simplest of structures will be 
considered.

Superlattice: 2-D DOS
A superlattice is a multiquantum well structure consisting of tens to 
thousands of alternating layers of two different semiconductors. Figure 8 
shows the basic energy profile in the conduction and valence bands for 
a superlattice [5] and Figure 9 shows the layer structure of a GaAs/AlAs 

superlattice. Recall from above that charge carriers (electrons and holes) 
are confined to move in the plane parallel to the quantum well and that 
charge carriers have discrete energies perpendicular to the plane of the 
well (see Figure 6). One of the main advantages of superlattices is that 
their optical properties can be engineered by the introduction of new 
energy bands, often called “minibands”. 

 

Figure 8. Electron energy profile in the conduction band valence band in a 
superlattice [5].

Figure 7a. Comparison of 1-D and 2-D density of states [4].

Figure 7b. Comparison of 3-D and 0-D density of states [4].
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Figure 11. Layer structure of a AlGaAs/GaAs/ GaInAs quantum cascade
laser [7].

Figure 12a. Stimulated emission of a photon in a semiconductor resulting from 
an interband transition. 

Figure 9. Layer structure of a GaAs/AlAs superlattice.

The absorption coefficient of an optical material (α(hν)) depends 
on electronic transitions between valence and conduction bands. For 
example, the absorption coefficient of a bulk semiconductor with band 
gap Eg can be expressed as [1]

α(hν) = (V/2π2)(2mr*/ħ 2)3/2(hν – Eg)1/2

Here hν is the energy of the incident photon, mr* is the reduced 
effective mass and V is the sample volume. Minibands introduced by 
quantum confinement create additional absorption peaks depending 
on the width of the quantum wells, as shown in Figure 10 for a GaAs/
AlGaAs superlattice (see Figure 3b). The top curve in the figure is the 
absorption coefficient of a bulk GaAs film. The peaks in the bottom 
two curves show the absorption due to minibands for superlattices with 
layer thicknesses of 210 Å and 140 Å. Here n is the quantum number of 
the miniband. For a structure with 30 Å layer thicknesses, minibands 
correspond to the energies [2]

• n = 1: E1 = 0.0273 eV
• n = 2: E2 = 0.109 eV
• n = 3: E3 = 0.226 eV

Figure 10. Absorption coefficient of superlattice compared to a bulk GaAs film [1].

Figure 12b. Conduction band profile of a quantum cascade laser.

Miniband structure also significantly affects the optoelectronic 
properties of a superlattice [6]. Quantum cascade lasers, for example, 
generate light from intersubband transitions within semiconductor 
multiquantum wells (i.e., superlattices) [6]. Figure 11 shows the layer 
strucuture of a AlGaAs/GaAs/GaInAs laser [7]. A photon is emitted 

continued on page 44
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when an electron decays from the conduction band to the valence band 
of a semiconductor, resulting from interband transitions, as shown 
in Figure 12a. Figure 12b shows the conduction band profile of a 
quantum cascade laser, including injector and active regions. Electrons 
are injected from the first injector region into the first active region 
which acts as the injector region for the next active region, and so on 
- forming a cascade of stimulation and ejection of a photon. This pro-
cess can be repeated as many as twenty five times. The three types of 
quantum cascade laser are (see Figure 12a)

• Type I: EC1 > EC2 and EV1 < EV2
• Type II (staggered): EC1 > EC2 and EV1 > EV2 [8]
• Type II (misaligned): EC1 > EV1 > EC2 > EV2
Type II lasers generally consist of heterojunctions and are interband 

lasers, i.e., involving radiative recombination of a electron recombina-
tion of an electron from the conduction band with hole in the valence 
band. Note that type I lasers are intersubband lasers. Typical materials 
for each type of laser are

• Type I: GaAs/AlGaAs, GaSb/AlSb, GaAs/GaP
• Type II (staggered): InAsSb/InSb, InGaAs/GaAsSb
• Type II (misaligned): InAs/GaSb, PbTe/PbS, PbTe/SnTe

Quantum wire: 1-D DOS
Quantum wires are one dimensional structures that possess unique 
optical, physical and mechanical properties that make them candidates 
for advanced technological applications, such as microelectronics, opti-
cal devices, photovoltaics,  thermoelectric and structural composites. 
Carbon nanotubes (CNT) are an typical example of nanowires. They are 
high aspect ratio hollow cylinders with diameters ranging from 1 – 10 
nm, and lengths on the order of centimeters. They are one of the many 
solid state forms of carbon (others are diamond, graphite, buckyballs). 
The three major types of CNT are single-walled (SWNT), multi-walled 
(MWNT) and Fullerite. Figure 13 shows the various types of single wall 
nanotubes (SWNT), including zigzag, armchair and chiral [9]. 

We will take CNT as an example of quantum wires. Carbon nano-
tubes are used in electrical and optical devices, structural composites, 
thermal devices and high frequency applications. Properties of CNT’s 
that make them so useful are

• Metallic or semiconductor properties possible
• Direct band gap that allows transitions between valence and 
 conduction bands without the help of a phonon
• Multiple band can participate in conduction
• Low defect density 
• Metallic interconnects possible
• Very high thermal conductivity
• High structural integrity, they are the world’s strongest fibers
Additionally, nanotubes conduct heat as well as diamond at room 

temperature, are very sharp, and as a result can be used as probe tips for 
scanning-probe microscopes, and field-emission electron sources for 
lamps and displays.

CNT are high aspect ratio hollow cylinders with diameters ranging 
from 1 – 10 nm, and lengths on the order of centimeters. They are one 
of the many solid state forms of carbon (others are diamond, graphite, 
buckyballs). 

The structure of a SWNT can be conceptualized by wrapping a one-
atom-thick layer of graphite called graphene into a seamless cylinder. 
Figure 14 shows the atomic structure of a SWNT [10]. The nanotube 
can be envisioned as a strip of graphene rolled up in a closed cylinder. 
The way the graphene strip is wrapped is represented by a pair of 
indices (n,m) called the chiral vector. Basis vectors are a1 = a(√3,0) and 

a2 = a(√3/2,3/2), with the circumferential vector defined as C = na1 + 
ma2, corresponding to the edge of the graphene strip [11]. Integers n and 
m denote the number of unit vectors along two directions in the honey-
comb crystal lattice of graphene. The types of SWNT are defined as 

• m = 0 for zigzag
• n = m for armchair
• All others, chiral
The radius of the NT is
R = C/2π = (√3/2π)α√{n2 + m2 + nm}

Figure 14. Atomic structure of a SWNT [11].

SWNT are very important because they exhibit important electrical 
and optical properties that are not achieved by MWNT structures. The 
energy band structure and density of states of NT gives them unique 
optical properties not present in graphite. Optical and transport proper-
ties are derived using quantum mechanics and depend on the orienta-
tion of the NT. Figure 15 shows the density of states for a metallic and 

Low Dimensional Materials
continued from page 43

Figure 13. Various types of SWNT, including zigzag, armchair and chiral [9].
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semiconducting SWNT [11]. Properties are metallic when n – m = 3p (p 
= 0 or positive integer) and semiconducting for all other combinations 
[12]. In this case the band structure is described much like that of a 
polymer; by the highest occupied molecular orbital (HOMO) and lowest 
unoccupied molecular orbital (LUMO). The fundamental energy gap 
(HOMO - LUMO) depends on the diameter (2R) of the NT:

Eg = 5.4a/2R (metallic SWNT) [12]. 
Eg is thus in the range 0.4 – 0.7 eV for metallic SWNT. This small 

energy gap reflects the conductive nature of the metallic nanotubes.

Figure 15. Density of states for (a) metallic and (b) semiconducting SWNT [12].

The density of states for semiconducting SWNT is very different, as 
shown in Figure 15b, and is derived from the same relation, however, 
the resultant band structure is very different. Band gaps range from 1.7 
to 2.0 eV, and decrease with increased tube radius [12].

Quantum Dots: 0-D DOS
Total quantum containment of electrons and holes (i.e., excitons) 
in three dimensions is achieved by the quantum dot. Consequently, 
these structures have electronic and optical properties intermediate 
between those of bulk semiconductors and those of discrete molecules 
[13,14,15]. Only discrete energies are allowed, as diagrammed in Figure 
4. Figure 16 shows a picture of  Bi2Te3/Sb2Te3 quantum dots. 

Quantum dots have the capability of emitting light in a narrow 
wavelength (or energy) band over a wide range of wavelengths, all 
resulting from quantum confinement. While the material which makes 
up a quantum dot defines its intrinsic energy band structure, the dot’s 
quantum confined size is more significant at energies near the band 
gap. Thus quantum dots of the same material, but with different sizes, 
can emit light of different color, as shown by the fluorescence spectrum 
for CdTe dots in Figure 17 (dot size increases from left to right). The 
larger the dot, the redder and broader its emission spectrum, and hence 
the over its energy. Conversely, smaller dots emit in the blue end of 
the spectrum, i.e., the higher energy end. Color of the emitted light is 
directly related to the energy levels of the quantum dot. Larger quantum 
dots have more energy levels packed into the quantum well and are also 
more closely spaced that the levels for smaller dots. This also allows the 
quantum dot to absorb photons containing less energy, i.e., those closer 
to the red end of the spectrum. Dots have very high optical extinction 
coefficients (see above) [16]. To this end,  larger dots have more closely 
spaced energy levels in which the electron-hole pair can be trapped. 
Therefore, electron-hole pairs (excitons) in larger dots live longer, and 
thus, emission spectra of larger dots have a longer lifetime [16]. Silicon 
quantum dots  have pronounced emission spectra in the near infrared.

continued on page 46
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Figure 16. Picture of Bi2Te3/Sb2Te3 quantum dots. 

Quantum dots have applications in quantum computing, fluorescent 
organic dyes [17], biological cellular imaging [18], solar cells [19] in 
addition to light emitting devices.

Table 1 summarizes salient properties of low dimensional struc-
tures presented here [20]. Wave functions are shown in the first row. 
Note that all are periodic in kx, ky or kz depending on dimensionality. 
Likewise the energies related to quantum confinement depend on the 
integer index nx, ny, nz while only the quantum dot’s energy depends 
on all three indices. As mentioned above, energy is the sum of quantum 
confinement states (with indices nx, ny, nz) and bulk states (related to 
kx, ky and kz). 

Low Dimensional Materials
continued from page 45

0-D 1-D 2-D 3-D
ψk(r) Asinkxx(sinkyy)sinkzz) Asinkxx(sinkyy)eikzz Asinkxx(eikyy + eikzz) A(eikxx + eikyy + eikzz)

E(k) (h2/8m*)(nx
2/Lx

2 + ny
2/

Ly
2 + nz

2/Lz
2)

(h2/8m*)(nx
2/Lx

2 + ny
2/

Ly
2 ) + ħ2(kz)2/2m*

(h2/8m*)(nx
2/Lx

2) + 
ħ2(ky)2/2m* + ħ2(kz)2/2m* ħ2(kx

2 + ky
2 + kz

2)/2m*

g(E) Discrete states (2m*/E)1/2/(π ħLxLy) m*/π ħ2Lx (1/2π2)(2m*/ ħ2)3/2E1/2

Table 1. Summary of energies of low dimensional structures [20].

Figure 17. Emission spectra of CdTe quantum dots. Dot size increases from left 
to right.

We now have the background needed to understand many of the 
properties of low dimensional materials. We will explore more applica-
tions and synthesis techniques for low dimensional structures in the Fall 
Bulletin. 
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