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Introduction
An interesting, and often useful, property of any dielectric, i.e. lossless, 
layer in a thin-film structure is that whatever the thickness of the layer, 
the transmittance and reflectance of the entire coating remain within 
clearly defined upper and lower bounds [1] known as the performance 
envelopes. Even in the presence of absorption in the other layers, this 
property still applies both to transmittance and reflectance. The expres-
sions for the envelopes in transmittance take on a reasonably simple 
form while those for reflectance are much less tractable. Thus, since 
the reflectance is simply the complement of transmittance in the usual 
case of completely dielectric coatings, in the following analysis we will 
concentrate on transmittance. A useful addition to the performance 
envelopes is the round-trip phase change in the chosen layer. This 
immediately allows us to predict not only where the actual transmit-
tance characteristic will touch the upper and/or lower envelopes, but 
how these points of tangency will move with varying thickness of the 
layer. Together, the envelopes and the round-trip phase change, provide 
a means readily to assess the sensitivity of performance to changes in a 
given layer that goes well beyond simple sensitivity curves. For example, 
the technique predicts exactly the influence of any dielectric layer on 
the position and height of those narrow leaks in rejection regions that 
present a constant problem for coating designers. The curious lopsided 
double peaked curves that are a problem in multiple-cavity filters, are 
seen to be a straightforward consequence of thickness errors in the cou-
pling layers.

Reverse Engineering
The term reverse engineering has many meanings. We use it here to 
refer to a process that attempts to discover what may have gone wrong 
in an attempt at the manufacture of a coating. In such a process it is 
important to take account of all available information. However, when 
all else has failed, the final step is essentially a process of design refine-
ment that starts with the known, attempted, layer sequence and has 
the aim of achieving the measured, but unsatisfactory, performance. 
Multiple solutions plague this procedure, and constraints based on 
experience are a vital part of the technique. Plots of the sensitivity of 
performance to small changes in layer thickness have long been used 
[2] to identify critical layers in manufacture, but, particularly if derived 
analytically, they normally refer to thickness fluctuations rather smaller 
than those usually involved in an unsatisfactory coating. The envelope 
technique handles thickness changes of any magnitude equally well, and 
so, by indicating, in a compact way, the possible contributions of even 
large changes in individual layers, can be of considerable help in reverse 
engineering.

Fundamentals
The arrangement is illustrated in Figure 1. The chosen dielectric layer is 
surrounded by two structures with properties as shown and a plane har-
monic wave is reflected back and forth in a steady state condition. We 
use the usual thin-film conventions where normal reflection at a surface 
of a dielectric with higher index than the incident medium, gives 180° 
phase shift, and where traversal of a thickness of material results in 
a phase lag. Since there is no absorption in the chosen layer, there is 

no problem with the validity of the reflectances of its boundaries. The 
transmittance of the system is exactly that of an unbalanced Fabry-Perot 
étalon and is given by, for example, [3].

 
(1)

The sin2 term oscillates between zero and unity, each of these values 
being associated with an extremum, the maximum corresponding to 
zero and the minimum to unity. The two envelopes are

 
(2)

the minus sign denoting the maximum or upper envelope, and the plus 
sign, the minimum or lower. The round-trip phase change is that suf-
fered by the light between leaving any given point in the layer and then 
returning to that same point after having been reflected once at each of 
the layer boundaries. We denote this round-trip phase change by γ and 
then:  (3)

A value of zero, or integral multiple of 360°, yields the maximum, 
and of ±180°, or odd multiple thereof, the minimum.

A Simple Example
For our first example, we take the simplest possible system, a single 
dielectric layer on a substrate. Figure 2 shows the envelopes for a single 
film of tantalum pentoxide taking account of dispersion. The round-
trip phase change is plotted for a full wave at 510nm and, as would be 
expected, this corresponds to a crossing of the zero phase line marked 
as point A on the curve of γ. The film is roughly a halfwave at twice this 
wavelength, marked as point B (at 1020nm if dispersion were neglected). 
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Figure 1. The chosen dielectric layer surrounded by two structures, a and b. 
T and R indicate transmittance and reflectance respectively, φ the phase shift 
on reflection, and δ the phase thickness.
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Figure 3. The envelopes of Figure 2 with the film fringes added. The points of 
tangency correspond exactly to the predictions of Figure 2.

Now let the layer thickness and, hence, δ, increase slightly. γ will 
reduce and the corresponding phase curves in Figure 2 and Figure 3 
will move downwards. Strictly, the parts to longer wavelengths will 
move slightly less than at short wavelengths because δ is inversely pro-
portional to λ, but the effect will be that points A and B and the ±180° 
points will move to longer wavelengths and the fringes will move with 
them. All this is very well understood and in accordance with all that we 
know about such simple fringes. A change in δ of a quarterwave repre-
sents a change of 180° in γ and the replacement of a maximum fringe 
extremum with a minimum. At any given wavelength, the shallower the 
slope of the γ curve, the faster the extrema will move for a given change 
in phase, and the greater the sensitivity of the coating will be to changes 
in the particular layer.

As the wavelength increases, δ, given by 2πnd/λ, reduces, and so its 
negative contribution to the round-trip phase change also reduces. 
Provided the phase shifts at the interfaces do not vary significantly with 
wavelength, the tendency will be for the round-trip phase change, γ, to 
increase with wavelength, the rate of increase reducing with wavelength. 
This is exactly the tendency shown in Figure 2. If the fringes for the full 
wave of tantalum pentoxide are added to the diagram, Figure 3, then 
the maxima are tangent to the upper envelope and coincide with the 
wavelengths of points A and B, while the minima are tangent to the 
lower envelope at the points corresponding to ±180°.

Figure 2. The upper and lower envelopes of a single layer of tantalum pent-
oxide on glass with an optical thickness of one wave at 510nm. The points A 
and B mark the points of tangency with the upper envelope. The values of 
±180° are where the curve touches the lower envelope.

continued on page 24
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More Advanced Examples
The next example, Figure 4, is of a conventional extended-zone high-
reflectance coating covering most of the visible region and consisting of 
two quarterwave stacks with a low-index decoupling layer, layer 22, in 
between. The decoupling layer prevents an otherwise deep and narrow 
dip in reflectance in the center of the zone. Note that layers are num-
bered from incident medium to substrate.

Figure 4. The reflectance of an extended zone high reflectance coating con-
sisting of two 21-layer quarterwave stacks of SiO2 and Ta2O5, the outermost 
with reference wavelength of 470nm and the innermost of 600nm. The central 
layer, layer 22, is a low-index decoupling layer of intermediate thickness.

Figure 5. The envelopes for the low-index decoupling layer, layer 22.

The envelopes for the decoupling layer are shown in Figure 5. Both 
upper and lower envelopes are very low over most of the zone except 
for a pronounced and narrow peak in the upper envelope in the center 
of the zone. The round-trip phase change, γ, has its nearest zero value 
at point A that is just off the upper envelope peak. The curve is almost 
vertical at that point and so a quite large change would be required in 
the decoupling layer thickness in order to move the point A into the 
danger zone of the upper envelope peak. Elsewhere, the transmittance 
of both the upper and lower envelopes is sufficiently low for it to make 
little difference which is selected. Thus we can conclude that the decou-
pling layer thickness is not especially critical.

The envelopes for a different layer, layer 34, a low-index quarterwave 
layer close to the center of the underlying stack, are plotted in Figure 
6. Now the upper envelope shows high transmittance over the range 
where high reflectance can be attributed to the underlying stack, but not 
where it is attributable to the outer. Thus errors in the layer will affect 

only the longwave part of the zone. γ has a zero at point A and a value 
close to zero at point B, both points being just outside the region of high 
transmittance of the upper envelope. Should the layer be increased in 
thickness then the phase values will be reduced and point A will move 
to longer wavelengths, entering the danger zone at a thickness increase 
of around 25% or so. Should the layer be decreased in thickness, the 
phase curve will rise and point B will now move to shorter wavelengths 
and into the danger zone. Figure 7 shows the result of a 40% increase in 
the thickness of layer 34. The transmission curves have been inverted so 
that reflectance is shown.

How quickly does the performance shrink to the lower envelope as 
γ moves away from zero? An accurate answer requires development 
of equation (1) but it is clear that the greater the value of (RaRb)1/2, the 
greater will be the rate of descent towards the lower envelope.

The next example is a simple shortwave pass filter consisting of 
a 41-layer quarterwave stack where the outer six and inner six layers 
were refined to form matching structures to reduce the ripple as shown 
in Figure 8. Figure 9 shows typical envelopes for one of the matching 
layers, layer 3. It is clear from the figure that changes in thickness of 
the matching layer will hardly affect the performance in the rejection 
region. The two envelopes virtually coincide. As we might expect, the 
performance in the pass region is much more seriously affected. As the 
thickness of the layer is increased, or decreased, the phase curve drops, 
or rises, and in each case, rapidly, there are no longer any intersections 
with zero and no tangency with the upper envelope. The point A will be 
particularly seriously affected.
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Figure 6. The envelopes of layer 34, a low-index layer close to the center of 
the underlying quarterwave structure.

Figure 7. The result of a 40% increase in thickness in layer 34. The conse-
quent drop in the phase curve has caused point A in Figure 6 to move to 
longer wavelengths and into the high transmittance region of the upper enve-
lope. The result is a serious and narrow drop in reflectance.



2010 Fall Bulletin 25
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Figure 10. Performance envelopes for layer 20 of the coating of Figure 8. This 
is a high-index layer close to the center of the design.

Figure 10 presents the performance envelopes for layer 20, a high-
index layer situated centrally in the core of the filter. The influence on 
performance of changes in thickness of this layer is rather different 
from that of layers in the matching structures. Now the upper envelope 
exhibits high transmittance everywhere and the gap between it and 
the lower envelope is especially large in the rejection zone. As before, 
the performance in the pass region will be quite adversely affected by 
changes in thickness, either decreases or increases because rapidly the 
phase curve will no longer intersect the zero phase line. The points, A 
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and B, mark the zero phases immediately next to the rejection region. 
Increasing thickness of layer 20 will move A and B to longer wave-
lengths, introducing a spike at the shortwave side of the rejection region 
while a decrease in thickness will cause the intersection at A to vanish 
and that at B to move to shorter wavelengths introducing another spike 
this time at the longwave side of the rejection zone, Figure 11.
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Figure 8. A shortwave pass filter consisting of a 41-layer system of quarter-
waves where the outermost six and innermost six layers have been refined 
to reduce the ripple in the pass region.

Figure 9. The performance envelopes for layer 3, one of the layers in the 
matching system. Note that the high reflectance zone will be little affected 
by any change in thickness because of the closeness of the two envelopes in 
that zone.

Figure 11. A 40% reduction in the thickness of layer 20 in the design of Figure 
8 gives the expected reduction in passband performance together with the 
spike at the longwave side of the stop band. The performance is completely 
contained within the performance envelopes.

Figure 12. A three-cavity narrowband filter consisting of SiO2 and Ta2O5 with 
a reference wavelength of 1000nm.
Design: Air|1.2L0.4H(HL)7(LH)7L(HL)7(LH)7L(HL)7(LH)7|Glass

Figure 13. The envelopes for the first coupling layer, layer 29, in the filter of 
Figure 12. The envelopes for the second coupling layer, layer 57, are virtually 
the same.
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Figure 14. Typical shape, including performance envelopes, of a multiple-cavity 
filter with an error in a coupling layer. A shoulder on the longwave side 
implies a coupling layer too thick. In this case the thickness error is 40%.

Figure 15. Envelopes and round-trip phase for layer 20, a high-index layer in 
the middle of the reflector for the first cavity. Quite small changes in thickness 
cause serious losses in transmittance and a much reduced peak that moves to 
longer wavelengths with increasing layer thickness.
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Finally, we look at a three-cavity narrowband filter, Figure 12 and 
first, at the coupling layers. Figure 13 shows the envelopes for the first 
coupling layer. Those for the second are almost exactly similar. A par-
ticularly important feature of these envelopes is that both the upper and 
lower envelopes show very high transmittance at the passband center. 
This is due to the very low values of both Ra and Rb at that wavelength 
turning the coupling layer into a buffer layer. This implies that whatever 
thickness errors are committed in the coupling layers, the transmittance 
at 1000nm will remain high. However, as the coupling layer thickness 
increases or decreases, the three central zeros of the phase curve will 
become one that will move to longer wavelengths with increasing thick-
ness, and to shorter wavelengths with reducing thickness. Around the 
reference wavelength of 1000nm, the performance curve drapes itself 
over the minimum envelope. The result is a double-peaked lopsided 
curve, Figure 14. Two-cavity filters have an upper envelope that tends to 
remain high instead of falling as in Figure 13. Then the two peaks tend 
to be of similar height.

For other layers, the lower envelope drops, so that an error in the 
appropriate layer causes a severe drop in transmittance. The lower the 
slope of the phase curve, the faster is the movement of the intersection 
with zero and the faster the reduction in performance. Figure 15 shows 
the envelopes for layer 20 that is in the middle of one of the reflectors 
for the first cavity. A very small change in thickness, perhaps 1%, is 
now enough to degrade the performance significantly. An error of 40% 
destroys the filter characteristic completely. The cavity layers have a quite 
similar set of envelopes but the slope of the phase curve is around one 
tenth of that in Figure 15 and the performance, therefore, an order of 
magnitude more sensitive to errors in the cavity layer thickness.

The similarity of the curves of Figure 15 to those of most layers 
except the coupling layers makes it fairly straightforward to detect prob-
lems with the coupling layers but more difficult to decide where serious 
reductions in transmittance might have occurred. However, provided 
there is no unexpected absorption, strong error compensation exists in 
the turning value monitoring of narrowband multiple-cavity filters. This 
error compensation tends to fail in the coupling layers that are therefore 
the most frequent culprits.
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