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We hear a lot about metamaterials these days. What exactly 
are metamaterials? In science and technology, the addition 
of the prefix meta suggests attributes beyond those that 

would be normally associated with the term to which it is attached. 
Thus metamaterials would indicate materials, usually engineered ones, 
presenting properties not found in natural materials. In optics, to 
which we restrict ourselves here, the word usually indicates deliberately 
structured materials exhibiting strange behavior of permittivity and 
permeability and supporting unusual propagation of electromagnetic 
waves. Most often the objective is behavior that can be interpreted as 
negative refraction. Impressive metamaterials that convincingly display 
negative refractive index have been designed for the microwave region. 
Unfortunately, their behavior depends on magnetic effects that vanish at 
optical frequencies so that the techniques cannot be directly transferred 
to the optical region. Nevertheless there have been demonstrations 
of optical effects, particularly in combinations of metal and dielectric 
films, that can be interpreted as exhibiting apparent negative indices. 
This article is an attempt to understand this behavior in the framework 
of our normal thin-film theory. 

In what follows we employ the usual thin-film sign conventions. In 
particular the phase factor of a propagating harmonic wave takes the 
form exp[i(ωt – κz)] and an absorbing material has optical constants 
(n – ik).

How it all began
Veselago, in 1964, published a paper in Russian that, in 1968, was 
republished in English [1]. The paper examined the consequences on 
the propagation of electromagnetic waves of simultaneously negative 
permeability and permittivity. Of particular interest was that the 
refractive index would become negative, so that a refracted ray would 
propagate on the same side of the surface normal as the incident ray, 
and phase propagation would be opposite to power propagation. Then, 
with some limitations, a parallel-sided slab of such material could focus 
a divergent cone in the manner of a positive lens, although a collimated 
beam would not be focused.

At the time it seems the paper did not attract a great deal of 
attention outside Russia. It was not until 2000 when Pendry [2] 
showed that if such a material could exist then the parallel-sided slab 
of it already mentioned, could act as a perfect lens, unaffected by any 
diffraction limit and, therefore, of infinite resolving power, and Smith 
and colleagues [3] demonstrated such a fabricated composite material at 
microwave frequencies, that international attention suddenly developed.

At first sight, Veselago’s result on refractive index appears to be 
rather like a rabbit out of a hat. The refractive index is given by

and for normal light rays the positive root is invariably taken. With 
negative εr and μr the quantity under the root sign is still positive. Why 
should we therefore take the negative root in that case? To see why, we 
must return to Maxwell’s equations, the basic equations governing the 

propagation of electromagnetic waves.

As usual, we add the material equations:

where the symbols have their usual meanings and we are considering 
that any charge density, ρ, is zero. We take a plane harmonic wave of 
free-space wavelength, λ, as solution. For further simplicity we will 
assume the wave power is propagating in the z-direction and the wave is 
linearly polarized in the x-direction.

where n may be complex. This solution permits us, again as is usual, to 
include any conductivity, σ, in the permittivity, ε. Let              be the unit 
vectors in the x- , y-  and z–directions respectively. Then for this wave 
we have:

Giving with (2)

Apart from the linear polarization, this result, so far, is quite general.
Now let us assume that the material is lossless, so that ε and μ are 

both real as is n. Energy propagation is given by the vector product 
E×H and this, by our starting definition, is in the z-direction. This 
implies that Ex and Hy must have identical signs so that their vector 
product is in the positive z-direction. If ε and μ are both negative then, 
from (6), for the propagation to continue in the positive z-direction, 
n, the refractive index, must also be negative. Snell’s law expresses the 
constancy of nsinϑ. A negative n implies a reversal of the sign of ϑ in 
the direction of the transmitted ray. The reflected ray direction also is a 
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continued on page 26

consequence of the constancy of nsinϑ. Since the reflected ray shares the 
same medium as the incident ray, a negative index induces no change, 
therefore, in the direction of the reflected ray.

Because the signs of κ are changed the phase now propagates in 
the opposite direction to the power. Since E, H and power propagation 
direction are still right-handed, the characteristic admittance, y, is 
unchanged and positive, that is of opposite sign to the now negative n.
Reflection and transmission coefficients at an interface are correctly 
expressed in terms of the characteristic admittances, and so they too, 
are unchanged.

Consequences
The primary consequence that attracted, and continues to attract, 
much of the attention, is the idea of virtually infinite resolving power. 
Since the behavior is linear, a source of illumination can be represented 
by its angular spectrum, that is, the range of plane waves that would 
interfere to give exactly the distribution of irradiance in the source. 
We can imagine that the source actually results from the interfering 
combination of the rays in a cone with axis normal to the image plane 
in a material of index n0. The wavenumber for each component, κ, is 
now made up of a z-component and a component in the x-y plane that 
is parallel to the local plane of incidence and constant in magnitude. It 
is given by:

where ϑ0 is the angle of incidence of the particular component. Assum-
ing a Gaussian distribution in the source and in the rays making up the 
angular a spectrum then the spot width, or beam waist, (taken as the 

1/e2 points in the irradiance distribution, also Gaussian) is given [4] by:

where ϑ is the corresponding semi-angle of the Gaussian distribution. 
The larger is κx,y the smaller is the image.

For simplicity, let us work in two dimensions so that κy is zero. 
Strictly a true Gaussian beam should have a small divergence because of 
its lack of hard boundaries. However we can think of a complete angular 
spectrum emanating from the source as a fan of rays running from -90° 
to +90° so that the largest sine factor is unity. Then, roughly, the image 
size would be of the order of λ/n0, the actual wavelength in the material. 
This is the minimum width between the intersections of the planes of 
constant phase in the rays and corresponds to the rays that run parallel 
to the image plane.

κx and κz are related to the direction cosines and so are connected by 
the expression:

and the problem is that even if the source is vanishingly small, no value 
of κx greater than ωn0/c can be supported by a real κz. Such waves are 
therefore evanescent in the z-direction and, with a negative imaginary 
κz, decay rapidly and exponentially away from the source and play no 
part in a normal image. However, although they do not reach the image, 
they must nevertheless be present in the angular spectrum of a point 
source of sufficiently small dimensions.

The properties of a thin film are determined by the phase thickness 
δ and the characteristic admittance, y, the tilted value if at oblique 
incidence. But δ has nd as a factor, where d is physical thickness, and 

if n is negative, this condition, since the admittance remains positive, 
is indistinguishable from a positive n and negative d. Thus in a 
negative index material, the fields essentially run backwards so that 
an evanescent wave is increased in amplitude rather than attenuated, 
and, under the correct circumstances, can reach the image. Note that 
this should not be considered as amplification in terms of power. The 
wave is still evanescent. Thus, the limitation on image size, that is, on 
resolving power, is removed and the normal diffraction limit no longer 
applies.

Pendry’s perfect lens consists of a parallel-sided slab of negative 
unity refractive index and exhibits two perfect foci, one within and one 
without the slab. The attenuation of the evanescent waves outside the 
slab is balanced by the increase within it. Note that this perfect lens 
does not behave in the same way as a normal lens. Apart from the two 
images shown in Figure 1, the image points are lined up as projections 
of the object points in the surfaces of the slab, and not through the 
center of the lens. Also a collimated beam is not brought to a focus.

Figure 1. Schematic of a perfect lens, showing the two foci and avoiding the diffraction limit. [After [1, 2]].
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Metamaterials 
continued from page 25

From the point of view of an optical coating, the most appealing 
effect is likely the apparently negative thickness when the index is real 
and negative. The shortening of a positive thickness locus in a coating 
could then be compensated by the corresponding shortening of an 
adjacent negative index locus and this could lead to very interesting 
coating designs that would be able to exhibit, for example, very high 
reflectance over wide regions [5]. Unfortunately, as we shall see, such 
possibilities at optical frequencies remain elusive and there are serious 
losses in the materials.

The Problem and some Encouragement
The major problem in realizing negative index materials is the 
requirement for negative permeability. In the microwave region, arrays 
of resonators, very small compared with the wavelength, have been 
constructed that, when distributed in a dielectric matrix, do actually 
yield suitable properties. At optical frequencies, however, direct 
magnetic effects are vanishingly small. Without a negative permeability 
a true negative index is unattainable at optical wavelengths. What about 
partial success?

There are some encouraging factors. First of all, in Kretschmann 
coupling to a surface plasmon on the outer surface of a metal film, 
a wave that is evanescent in the outermost medium and almost 
evanescent in the metal, actually increases in amplitude as it passes 
through the metal. This is similar to the action of our negative-index 
material. This is confined to the resonance range of angles and although 
in the normal way we would wish that to be as narrow as possible, in 
this current case we would prefer to broaden the resonance.

Propagation through a normal positive index material results in 
a lag in the phase (in our normal thin-film convention). Propagation 
through the front surface of a metal in contact with a dielectric gives 
a leading change in phase. Emergence through the rear surface gives a 
lag, but usually of smaller magnitude. Unfortunately the multiple-beam 
effect in the thickness of the metal adds to the lag but up to a certain 
limiting thickness the phase change on transmission is positive rather 
than negative. This suggests that a way forward might be to include 
metal films with dielectrics in a composite structure. Metal films of high 
performance have extinction coefficient, k, rather larger than refractive 
index n. This implies that the real part of the permittivity, (n2 – k2), is 
negative and it is this that has particularly attracted the attention of the 
metamaterials community.

Let us imagine a wave in a material with relative permittivity and 
permeability respectively εr and μr. For a wave propagating in the x-z
plane at angle ϑ to the surfaces of the media that are parallel to the x-y
plane, the component of the wave vector in the direction normal to the 
surfaces, κz, is, for a real value of n, 2πncosϑ/λ. In the reflection and 
transmission at the surfaces it is necessary to use the tilted admittances 
for s- and p-polarizations. We recall that n is given by √(εrμr) while y,
in free space, units is √(εr/μr). Then, retaining the free space units for 
admittance, the two tilted admittances are:

This suggests that p-polarization is dominated by the permittivity, 
rather than permeability, while the opposite is true for s-polarization. 

We might expect, therefore, that p-polarization is more promising 
for negative index effects than s-polarization. In fact, published work 
almost exclusively reports p-polarized results.

Then there are also possibilities in birefringent materials that, over a 
limited range, reproduce effects similar to those expected from negative 
index materials.

None of these factors leads to a true simple negative-index material 
but to a limited reproduction of some of the desirable properties. In all 
these cases the system is more complicated than a simple single material 
and so the term metamaterial is used.

In what follows we shall take a few examples of metamaterials 
from the published literature but rather than following their analysis 
as presented, we will reexamine them in terms of our normal thin 
film optical calculation techniques. The disappointing feature of the 
metamaterials, at least so far, is that they fail to reproduce the ideal 
material that could be used to simulate a negative thickness in an 
optical coating.

The Angular Spectrum and Refractive Index
First of all we must decide how we are to define refractive index in 
our metamaterials. We will follow the bulk of the published papers 
and define it as the real value of index that is to be inserted into Snell’s 
Law to give the correct emergent position of a ray that traverses the 
material. The experimental determination of the index usually involves 
a metallic mask on the front surface of the sample defining a narrow slit 
illuminated by a monochromatic, collimated beam. The beam defined 
by the slit is usually sufficiently narrow so that its propagation direction 
can be readily determined and the presence of the metal defining the 
slit ensures that the light is p-polarized. The angle of incidence of the 
illuminating light is varied and the position of the resulting beam is 
tracked as it emerges from the rear surface of the sample, Figure 2.
It must be emphasized that a negative value for this defined index is 
not necessarily an indication that the phase thickness of the film has 
become negative, as would be the case in a real material of negative 
index.

Let the physical thickness of the sample be d, and the angle of 
incidence of the illuminating beam in the plane of incidence that is 
normal both to the surface and the axis of the slit be ϑ0. x defines the 
position of the emergent beam and is positive when as shown in Figure 

2. Then the effective index of refraction of the material is given by:

where the positive root is taken. Note that interference effects can 
sometimes cause x to pass through zero creating an enormous and very 
narrow resonance in n that increases rapidly to a very large positive 
value then switches to a very large negative value from which it rapidly 
decays, or vice-versa. Over the range of such a resonance n should not 
be considered a good indicator of the behavior.

Figure 2. The position, x, of the emergent beam at the rear surface of the slab of material leads to the value 
of refractive index. x is positive as shown.
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where x is the position of the emergent beam, positive x being in the 
sense of propagation of the incident light. Normal refraction would 
result in a positive value of x. Note that expression (14) is consistent 
with that in [6] where the displacement, x, was shown equal to dφϑ /dkx.
This yields

 and the rest follows.
Unfortunately this condition concerns the form of the variation of 

phase shift with incident angle and a negative value does not imply the 
backward phase propagation that would exist with a true negative index.

More on Refractive Index
The refractive index, n, measured in this way in a slab of homogeneous 
material, is strictly identical to that of the material itself, when multiple 
beam effects are avoided either by design or by a sufficiently thick 
sample. The metamaterials generally involve absorption and so for 
reasonable transmittance will normally be in the form of quite thin 
films that frequently support interference. Although the effect is not 
as severe as in reflection, and although absorption, too, can reduce 
multiple beam effects, they can still influence the transmitted phase and 
so affect the measurement of position and the value extracted for the 

The problem, as usual, is a linear one. The light emanating from 
the slit aperture can be considered to present an angular spectrum 
where the components all have identical frequency and where they are 
exactly in phase at the center of the slit. Ideally, then, the position of 
the emergent beam corresponds to that point on the rear surface where 
the various components of the angular spectrum present identical 
phase. If the slit width is w, and the wavelength λ, then, to a sufficiently 
good approximation, Fraunhofer diffraction gives the width of the 
angular spectrum as ±Δϑ = ±arctan(λ/wcosϑ0). The phase factor of each 
component of the angular spectrum is given by:

where α and γ are the x- and z-direction cosines respectively. In the 
transfer of the ray to the rear surface of the metamaterial slab, the value 
of κx remains constant. The phase shift on transmission through the 
metamaterials, φϑ is, as is habitual with normal optical coatings, calcu-
lated by definition at a value of x of zero. The phase as a function of x is 
then given by

We can now track the position of the emerging beam as that point on 
the emergent surface where the phases of the components of the angular 
spectrum are as close as possible. For simplicity we take this as zero de-
rivative of phase change with respect to angle, the angle corresponding 
to that in the incident medium. From (13)
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continued from page 27

refractive index and reported in the literature. In this account, those 
that interest us particularly are ones that form, or could be incorporated 
into, optical coatings. They fall into two principal categories, 
birefringent materials consisting of a unidirectional assembly of 
metallic wires, rods or plates in a dielectric matrix, and metal-dielectric 
multilayers. Sometimes the metal layers are structured so that their 
properties are modified from those of the corresponding bulk material. 
Rather than attempt to cover the enormous number of different 
embodiments of these two classes, we pick a typical example from each 
and treat it with our normal thin-film theory. In all cases we follow the 
literature and assume p-polarization for our light.

Birefringent Composite Metamaterials
Yao and colleagues [7] describe a metamaterial consisting of an alumina 
slab containing an array of silver wires arranged regularly and normal to 
the surfaces of the slab. The diameter and spacing of the wires are given 
as 60nm and 110nm respectively, and the packing appears hexagonal 
so that the inclusion fraction is 0.27, but the optical constants of the 
component parts are not clear. In the supporting information stored 
with the paper on the Science web site, we find suggested values for the 
permittivity at 660nm that convert to optical constants of 1.549 for the 
alumina and 0.08605 – i4.6484 for the silver.

We can treat the metamaterials as a composite material and use the 
Bragg and Pippard expressions [8] to calculate the optical constants 
of a set of metallic cylinders in a dielectric matrix. The composite 
material, in the wavelength region of interest, is uniaxially birefringent 
with dielectric properties in the plane of the film and metallic normal 
to the film plane. At oblique incidence the ordinary ray is represented 
by s-polarized light and the extraordinary ray as p-polarized. It is the 
p-polarized ray that yields the interesting behavior.

At 660nm the derived optical constants for the composite material 
are: 2.2006 - i0.0070 parallel to the film plane, and 0.0535 – i2.021 
normal to the film plane.

In the Yao experiment the front surface of the metamaterial is 
masked with an opaque film of silver in which has been etched a one-
micron-wide slit that, when illuminated in monochromatic collimated 
light at oblique incidence, defines the dimensions of the beam 
transmitted into the material. The plane of incidence is normal to the 
material surface and to the axis of the slit and so we can think of this as 
a two-dimensional arrangement in a plane normal to the slit and we use 
(14) and (11) to yield the refractive index.

The calculated results are shown in Figure 4 where the slight 
oscillation is a consequence of interference effects in the material 
assumed, as in the paper, to be 4.5μm thick with emergent medium of 
glass. Calculated transmittance for p-polarized light is shown in Figure 

5 and is high compared with most other metamaterials for the visible 
and near infrared.

Figure 4. The negative angle of refraction for p polarization as a function of the angle of incidence at 
660nm. The film supports interference and this is responsible for the slight oscillation. The Yao calculated 
results are extracted from the supporting online material but they may not include interference effects.

index. We can illustrate this effect at a wavelength of 1000nm and p-
polarization, in a slab of homogeneous material of index 1.5 and 10.0μm 
thick.

We carry out two calculations. The incident medium has index unity 
in both. In the first case the emergent medium also has index unity and 
so the film supports interference. In the second case, interference is 
suppressed by making the emergent medium of index 1.5, identical to 
the material. The results are shown in Figure 3. It is even possible under 
certain circumstances to achieve an apparent negative index from a slab 
of homogeneous normal dielectric material.

Figure 3. The apparent value of refractive index of a 10μm slab of homogeneous n = 1.50 material in an 
incident medium of n = 1.00 calculated at 1000nm and p-polarization with terminating materials of n = 
1.00 and n = 1.50, the latter suppressing any interference effects.

Metamaterials for the Visible and Near Infrared
Various artificial structures have been examined for possible negative 
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continued on page 30

Figure 5. The calculated p-transmittance of the 4.5μm thick sample of Figure 4 as a function of angle of 
incidence at 660nm.

It is difficult accurately to compare the calculated results in Figure 

4 and Figure 5 with those in the Yao paper [7]. Those in the actual 
paper are given for 780nm rather than at the 660nm wavelength 
corresponding to the suggested values for the permittivities. However, 
there are angle of refraction results for 660nm in the supporting on-line 
material for the paper and these are shown for comparison in Figure 

4. Although the parameters of the metamaterials in the simulations for 
the supporting material appear to be taken as totally real and totally 
imaginary, and interference effects may not be included, the sense and 
magnitude of the results do compare well.

There are other reports of similar birefringent material that is 
essentially dielectric in one direction and metallic in another, for 
example [9].

Metal and Dielectric Films and Phase
There is no phase change on transmission through the boundary 
between two dielectric materials and so the phase thickness of a 
dielectric film is principally involved in determining the phase change 
on transmission. Since dielectric films become apparently thinner 
with increasing angle of incidence, a simple slab of dielectric material 
will tend to show a positive slope of transmission phase change with 
increasing angle of incidence, although, as we have seen, for rather thin 
films, interference effects can modify this behavior.

Metal films, too, show a variation of their phase change but in 
high-performance metals like silver, where k is large and n very small, 
phase changes on passage through their surfaces must be included in 
the transmission phase change. The front surface of a metal in contact 
with a dielectric exhibits a positive phase change, while its rear surface, 
also in contact with a dielectric, usually a rather smaller negative value 
for phase. There is little effect of tilt on the properties of the metal 
but surrounding dielectric media show reducing s admittance and 
increasing p, and this does affect the phase changes at the interfaces, 
and, for p-polarized light, the slope of the transmission phase change 
with incidence is normally negative. A metal-dielectric multilayer, 
therefore, can be made to exhibit a p-phase change on transmission that 
has an increasing negative slope with angle of incidence, and, therefore 
an effective negative index – always defined in terms of the direction 
of the emergent beam as determined by its position at the emergent 
surface.

We take silver as an example. The optical constants we use are given 
by Palik [10]. Figure 6 shows the variation of the phase shift at 600nm 
due to a film of 20nm of silver immersed in a medium of silica. A quite 
crude optical coating showing a negative index at 600nm of around  
1.45 is illustrated in Figure 7. Addition of more layers and adjustment 
of thicknesses can yield a quite constant negative index over the whole 
range of incidence. Such a technique permits negative indices to be 
established over a wide range of wavelengths.

Figure 6. The calculated phase change on transmittance at 600nm for a 20nm thick silver film immersed in 
silica showing the negative slope for p-polarization and positive for s.

Figure 7. The apparent index of a three-layer coating of two 10nm silver layers separated by 16nm of silica 
and immersed in silica. The wavelength is 600 nm.

Metal-Dielectric Multilayer Approach
As an example of this approach we choose a recent paper by Xu and 
colleagues [11]. In this paper the metal-dielectric multilayer is used as a 
lens at a wavelength of 363.8nm with impressive results. The multilayer 
consists of three repeats of a 5-layer symmetrical arrangement of 
three silver layers separated by two titania layers, that is a design of 
(MDMDM)3 with incident medium of air and emergent medium 
of glass. Layer thicknesses are 33nm, 30nm and 33nm for the silver, 
and 28nm for each titania layer. Optical constants at 363.8nm (in 
the alternative sign convention) assumed in the paper (listed in the 
supplementary information) for silver and titania are 0.0785 + i1.59 and 
2.8 + i0.05 respectively.

Figure 8. Results, all for p polarization, of different calculation techniques together with measured results, 
including error bars, extracted from [11] and compared with the calculations of the present paper.
The calculation for the equifrequency contour used a transfer matrix method and so, not surprisingly, is 
closest to the conventional thin-film calculation of this paper.

The apparent index of refraction is defined, as we have discussed, in 
terms of the beam displacement as it exits the multilayer. Measurements 
and calculations using several different methods are shown in Figure 8.

Apparent refractive index has also been calculated using equations (11) 
and (14) and these results are also shown. It is not surprising that the 
best agreement is with the results taken from the authors’ equifrequency 
contour calculations that show the variation in the appropriate wave 
vector and involve a transfer matrix method. The small discrepancy 
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continued from page 29

could well be due to uncertainty in the index used for the glass 
emergent medium causing a slight difference in the interference 
properties.

Use as a Lens
We continue with the Xu design and the 363.8nm wavelength. Let 
us, once again, take a narrow slit producing its angular spectrum 
as our source of illumination. If the system is to act as a lens the 
components of the angular spectrum must recombine somewhere to 
produce the image. Ideally all the components should be exactly in 
phase and undiminished in amplitude at the image point, but the real 
system will depart more or less from this ideal. We can imagine that 
the z-axis passes through the center of the slit source that is extended 
along the y-axis at the front of the system and illuminated by a plane, 
monochromatic wave propagating in the incident medium along the 
z-axis. This allows us to reduce the problem to the two dimensions 
of the x-z plane. Symmetry tells us that the image, if it exists, will be 
located on the z axis and we can search for it by looking at the phases of 
all the components of the angular spectrum and finding that point on 
the z-axis where they are most nearly coincident in phase.

Figure 9. The variation at 363.8nm of transmitted p phase (in degrees) with angle of incidence as a func-
tion of the distance into the glass substrate from the rear of the metamaterial. The variation is quite small 
over a reasonable range and roughly optimum at a distance of around 600nm. This is similar to the results in 
[11] that show little variation in image size over the range 250 to 750nm.

Figure 10. The variation of transmitted p phase with angle at 600nm into the glass substrate. 
Transmittance for p polarized light is also shown. The fall in transmittance towards larger angles will 
degrade the image.

Figure 9 shows the results of the phase calculation. The incident 
angle is the propagation angle of the particular component in the 
incident medium and the distance axis shows the distance in the glass 
substrate from the rear of the metamaterial. The variation of the phase 
with the incident angle is at a minimum around a distance of 600nm. 
Figure 10 shows the variation of phase at 600nm distance and it runs 
from roughly 225° to 255° over the full angular range. Transmittance 
is also shown in the figure and is not high at around 4% at zero 
propagation angle dropping to below 1% above 65°. Nevertheless the 
system will act as a lens and we can calculate the size of the image. 
Following the experimental arrangement we assume a normally 

illuminated parallel-sided slit and add the components of the angular 
spectrum at the rear surface taking account of their amplitudes and 
phase after their passage through the coating.

Figure 11. The image of a 180nm wide slit in the Xu lens [11] at a wavelength of 363.8nm. A finite differ-
ence time domain (FDTD) calculation in the supplementary information to the paper gave approximately 
205nm as width, close to the present result. Again this is p polarization.

The amplitude of the components of the angular spectrum of a 
rectangular slit of width a is given over κx, in terms of the tangential 

component of E, by:

where

The variation in the x-direction of the field of the image is then given 
by taking the transmission coefficient and phase into account and 
integrating over all the values of κx. This can be manipulated into an 
integral in terms of ϑ0 and from there into a summation:

(19) is the complex amplitude, and for the distribution in the image 
we finally add the squares of the real and imaginary parts. We then 
normalize it so that the image is unity at the peak. The range of ϑ0 will 
be from –π/2 to +π/2. Special care has to be taken at zero angle. Since 
the distribution is completely symmetrical in terms of x, it is necessary 
for the calculation to range only from zero to some chosen positive 
value.

We take 180nm as the slit width, retain the other parameters and 
calculate the image function with the result shown in Figure 11. The 
width at the half peak points is 187nm, close to the calculated width of 
205nm that was derived for the same slit width using a finite difference 
time domain technique, although at a shorter distance from the 
metamaterial of 360nm, and published in the on-line supplementary 
information to the paper. [Our calculations at 360nm give 202nm as 
width.]

Implications
The most promising application is the flat lens that clearly brings all 
kinds of useful possibilities. It has high resolution and gives unity 
magnification that can present problems with normal lenses and fixed 
distances. The drawback, that it works for p-polarization only, will need 
to be addressed at some stage.

What of optical coatings? The true negative index still eludes us 
and so its equivalence with a negative thickness that would bring such 
a wide range of enormously interesting and useful coating properties is 
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not possible. The p-polarized performance of the composite materials, 
however, does have some attractive features beyond the flat lens. The 
reason for the apparent negative refraction is the negative value of dφ/dϑ
for p-polarization, φ, we recall, being the phase shift on transmission 
and ϑ the angle of incidence. This curious behavior is opposite to 
that expected for a simple dielectric material. Can we, therefore, use 
a composite negative refraction metamaterial in an optical coating to 
cancel or even reverse the sense of the shift in the characteristic on 
tilting?

Figure 12. A filter of design Air | Ag 30nm | Yao 129nm | Ag 30nm | Glass at normal incidence and for p 
polarization at 30° and 45° incidence in air. The Birefringent material follows the construction of Yao [7] 
consisting of a composite of silver wires in alumina, this time with inclusion fraction of 0.234 and with silver 
properties for both composite and surrounding Ag films from [10]
.

Figure 12 shows the calculated performance of a simple single 
cavity filter using silver reflectors and a cavity consisting of material 
similar to that in the Yao paper [7] discussed earlier but with literature 
values for the optical constants of the components and a slightly lower 
inclusion fraction. The shift due to tilting for p-polarization is to longer 
wavelengths rather than the usual shorter. It, presumably, should even 
be possible to arrange that over a range of angles there will be no shift 
whatsoever. Since the s-polarized performance continues to shift to 
shorter wavelengths, there could also be very interesting polarizing 
properties. Unfortunately the composite material does have significant 
loss and this limits its potential usefulness in more complex multilayers. 
We can await further developments with great interest.

Conclusion
The term metamaterials covers a great deal of ground. Negative 
refractive index is the most attractive possibility but, although it 
has been convincingly demonstrated at microwave frequencies, true 
negative index at optical frequencies is still, and may remain, beyond 
us. Nevertheless there are interesting structures that present a subset of 
the properties that we would associate with a negative index, especially 
for p-polarization. Negative refraction can readily be achieved and, 
with certain constraints, can actually be employed in a flat lens. The 
same metamaterials can be employed in optical coatings, although to a 
limited extent because of their losses. A three-layer single cavity filter 
that, for p-polarization, shifts to longer wavelengths with increasing 
tilt is a simple example. It is important to note that conventional thin-
film theory without any modifications adequately accommodates most 
of these new metamaterials. The exceptions are primarily materials 
exhibiting a structure with repeat period similar to a wavelength or 
larger, where scattering becomes of major importance.
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