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Introduction
In part one of this series on the quarterwave stack [1] we dealt with the 
history of this important structure. In this second part we will begin 
our account of some of the more important properties and uses. In its 
classical form the quarterwave stack is a series of dielectric quarter-
waves of alternating high and low index. The principal features of this 
structure are limited zones of high reflectance, separated by regions of 
low reflectance, exhibiting fringes. Thus in its basic form the quarter-
wave stack presents already a particularly useful performance and it is 
much used simply as a reflector. However, the sequence of regions of 
high and low reflectance is useful in many more areas and so we find 
the quarterwave stack used as a building block in many more complex 
coatings. In this article we look at its fundamental properties and then 
begin an account of certain modifications in its structure that render it 
more suitable in some of its applications.

Principal Features
The performance of a typical quarterwave stack at normal incidence 
and with varying wavelength or frequency is shown in Figure 1, 
repeated from part one. We recall that g is given by λ0/λ where λ0 is the 
reference wavelength, and, in this case, is the wavelength for which the 
layers are quarterwaves.

Figure 1. The reflectance of a typical quarterwave stack as a function of g.

The reflectance at the reference wavelength, where g = 1, is given by
 

  (1)

where y0 is the admittance of the incident medium, yglass of the sub-
strate and there are x H layers and (x-1)	L	layers.	The	identical	interfer-
ence condition exists at all odd integer values of g.

The width of the high reflectance zone of the quarterwave stack, 
defined rather loosely, is given by [2]:

 
  (2)

where Δg is half the width in terms of g, that is λ0/λ. Thus the width is 
purely a function of the ratio of the high to low indices of the materials.

Figure 2. The admittance locus of a typical quarterwave stack. The index contrast in the 
stack has been reduced to keep the diagram within reasonable bounds. The quadrants of 
the phase shift on reflection are marked and the points B and A mark the end points if 
teminated by a high-index or a low index quarterwave, respectively.

The phase change on reflection at the front surface is another 
important aspect of the performance. In an earlier article we introduced 
the form of the admittance locus of a quarterwave stack [3]. This is 
reproduced as Figure 2. In the normal way the stack will be terminated 
by a high index or high-admittance layer, point B in the diagram. The 
phase shift on reflection at the reference wavelength, where the layers are 
quarterwaves, is, from the diagram, 180° (our normal sign conventions 
used throughout this series apply). Should the wavelength increase ( that 
is should g reduce) then the locus will shorten and, clearly, the phase 
change will move into the third quadrant. A reduction in wavelength 
will push it into the second quadrant. The phase on reflection thus 
increases with wavelength. Should the termination have been at point A 
with a low–index layer then we can see that the phase change on reflec-
tion would still have shown an increase with wavelength but it would 
have been zero at the reference wavelength. The resonant-like features at 
the outer edges of the phase plot correspond to the deep dips in reflec-
tance on either side of the high-reflectance zone where the coating is 
acting rather more like a narrowband transmission filter than a reflector.

In the high-reflectance zone of the quarterwave sack, the incident 
light is virtually completely reflected. There is, therefore a high standing 
wave ratio. At optical frequencies the interaction with material is due to 
the electric field and, usually, proportional to its square. Figure 4 shows 
the distribution through a quarterwave stack with high-index layer 
outermost. Note that the maximum electric field amplitude occurs at the 
boundary between the first and second layers from the front. The min-
imum field is actually located at the front surface. This is quite unlike 
an antireflection coating where the maximum field is almost invariably 
at the front surface. The most vulnerable interface in the structure is, 
therefore, the one at the rear of the front layer. It is there that scattering 
losses will be highest (assuming all interfaces are equally rough).

If the front surface admittance, Y, is real then it is straightforward to 
show that the electric field amplitude there is given by:

 
(3)
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The surface admittance, Y, when the coating terminates with a 
high-index layer will be very high and so the field will be very low 
and, in fact, at the front surface is actually the lowest field in the entire 
coating. The resulting insensitivity to contamination is an important 
feature of the quarterwave stack. Note, however, that a low-index 
layer outermost gives a vanishingly small value of Y. In that case the 
sensitivity to contamination will be at its highest. This can be useful in 
some detection applications. If we take the antireflection coating, where 
Y = y0, and E = Einc as having a sensitivity of unity then the high-index 
terminated quarterwave stack will have a sensitity approaching zero 
while the low-index terminated stack will exhibit a sensitivity of four, 
the highest possible [2]. (The sensitivity goes as the square of the field.) 
We emphasize that this applies only to the outer surface in contact with 
the incident medium. Inside a multilayer there can be considerable 
field magnification and enhanced sensitivity far beyond four.

In any given dielectric multilayer, the electric field amplitude 
throughout the coating can be shown to be proportional to the inverse 
of the square root of the real part of the surface admittance, Y [2, 4].

  
     (4)

where Y is the surface admittance at any point in the multilayer. Note 
that this is not the same condition as in (3). This permits us readily to 
visualize the field distribution as in Figure 4 and we immediately appre-
ciate that the circular dielectric loci must exhibit field extrema at their 
intersections with the real axis where they are tangent to the lines of 
constant field.

Scattering is of importance in many applications. Any isolated 
perturbation in an otherwise perfect layer or perfect surface will cause 
a local fluctuation in the electromagnetic field. Normally the nature 
of the perturbations and the spacing between them are sufficiently 
irregular for the result to be incoherent scattering of the light into direc-
tions other than that of the primary light. Roughness of the surfaces 
and interfaces of the coating represent the most important of these 
perturbations and surface roughness is what we will examine here. It is 
impossible precisely to describe the form of a rough surface. It is fractal 
and so the description will depend on the scale. The best we can do is a 
statistical description on which we must base our scattering analysis [5]. 
Thus we should not expect the same precision and reliability that we can 
associate with calculations and measurements of the specular properties 
of coatings. Another problem, especially in measurement, is the enor-
mous dynamic range of scattering results that requires a logarithmic 
scale. The theory is difficult and involved and it is normal to assume 
that the roughness excursions are small compared with the wavelength. 
The calculations here were carried out following the method of Elson 
[6] but the various theories that exist give essentially the same results.

First we need a quantitative definition of the scattering. The light 
will be measured in units of power per unit solid angle and will be com-

Figure 3. The variation of the phase shift on reflection for lla quarterwave stack termi-
nating with a high-index layer. The resonant-like features at the outermost sides corre-
spond to the deep dips in reflectance at the edges of the high reflectance zone. The  
reflectance is also shown for reference.

Figure 4. Electric field distribution in a quarterwave stack with high index layer outermost. 
The layer boundaries are the vertical red bars. Field maxima occur at the H/L interfaces 
but field minima at the L/H boundaries. (FWOT = Full Wave Optical Thickness).
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pared with what is incident. The incident light will usually illuminate 
a small spot and we can write the total power incident on that spot as 
Pinc while the power received can be written as Ps.	Let	the	area	of	the	
receiver subtend a solid angle ΔΩ at the illuminated spot at a direc-
tion given by angle ϑ with respect to the normal. The Bidirectional 
Scattering Distribution Function (BSDF) is then based on what is often 
termed the AΩ product, used to determine the throughput of an optical 
system.

 
 (5)

Angle resolved scatter (ARS) sometimes called the cosine corrected 
BSDF simply omits the cosine in (5) to give

 
 (6)

and is often preferred because it is closer to what is actually measured.
At optical frequencies the scattering interaction is through the 

electric field and goes with the square of the field amplitude. Because of 
total internal reflection effects some of the scattered light is inevitably 
trapped within the coating. We will concern ourselves with the scattered 
light that actually emerges. For such scattering to exist, the primary 
beam must penetrate the coating and the scattered light must find its 
way out. We can very roughly associate ease of entry and ease of exit 
with the appropriate specular transmittance of the coating.

Figure 5. Scattering distribution (reflected ARS) for the quarterwave stack in terms of 
angle resolved scatter. Polarization is normal to the scattering plane. Illumination is at 
normal incidence. Reference wavelength 1000nm. Calculations based on Elson [6].

Figure 5 assumes primary light incident normally and shows a 
contour plot of the variation of s-polarized scattered light in reflection 
against wavelength and scattering angle. The calculation assumes that 
the roughness at any interface is uncorrelated with that at any other, 
but that all have the same statistical roughness parameters, and in this 
particular case 0.3nm rms roughness with short range and long range 
correlation lengths of 100nm and 1000nm respectively. The zero angle 
results are similar in form to the specular transmittance at normal inci-
dence. The angular distribution of the scattering shows the usual reduc-
tion towards larger angles, but superimposed over this is a variation 
similar to the product of the normal incidence performance and that 
at the appropriate angle. Note the difference in the features associated 
with the dips at the edges of the high-reflectance zone. The deep fringe 
associated with either edge allows easy access into the multilayer but as 
the scattering angle increases the scattered light at the short-wave edge 

experiences the shifted high reflectance zone and has trouble emerging, 
while at the longwave edge, the high reflectance has moved away 
towards shorter wavelengths permitting the scattered light rather easier 
emergence. This is readily apparent in the diagram.

Reduction of Electric field at Interfaces
A major use of the quarterwave stack is as a straightforward reflecting 
coating, and there is an enormous number of such applications. Many 
of these applications simply require high reflectance but there are some 
where the highest possible performance is required.

We have already observed that the peak fields are at the interfaces 
and this is not good in very high performance coatings. It would be 
helpful to move the highest peak away from the first internal interface. 
Also since the high-index materials tend to have higher residual absorp-
tion than low-index materials, we should try to move that highest peak 
into the low-index material rather than the high. The idea is an old one 
[7, 8] but rather than following the previous analyses we will use the 
ideas of the admittance diagram to accomplish the task [9].

We denote the interfaces by a, b etc, Figure 6, a indicating the front 
surface of the coating. We plot the outermost two layers in the figure. 
We will reduce the field at interface b by a fraction f, by moving the peak 
field into the low-index material. We assume that the reflectance of the 
multilayer must remain constant and that implies it must continue to 
terminate at the same value of Ya, on the real axis, implying additional 
layers because a quarterwave stack gives highest reflectance. The locus 
of the low-index film must now pass through the axis (and the field 
extremum) to terminate at the point on the existing high-index locus, 
(α,β), where

 
 (7)

We can show by geometry that
 

  (8)

so that the new δH will be given by the expression (readily derived from 
the matrix expression) for the layer thickness to join (α + iβ) to the real 
axis (at, of course, Ya):

 
 (9)

The low index film thickness is greater than a quarterwave. Its thickness 
is given by a quarterwave plus the additional thickness to reach (α + iβ) 
that is the same as reaching the real axis from the point (α  iβ):

(10)

Figure 6. Admittance diagram of the final two layers in a quarterwave stack illustrating 
the changes when the field at the interface between them is reduced.
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Both solutions should be chosen in the first or second quadrant and 
then δL should have a quarterwave added to give the final layer thick-
ness.	Originally	the	low	index	layer	started	at	point	Yc on the real axis 
but now must start at Yc' where, again from the matrix expression,

 
 (11)

In order to preserve the final termination at Ya the design of the remain-
ing layers must be modified, usually by adding extra layer pairs to 
achieve the new Yc'.

Often	the	reflector	is	intended	for	as	near	100%	as	possible.	Then	Ya 
will tend to infinity so that α tends to zero. Then, from 

 
 (12)

The high-index δ becomes
 

 (13)

and the low-index
 

 (14)

and a quarterwave has to be added to the thickness in (14).
Usually an extra layer pair can be added to the front of the mul-

tilayer. This can have the specified thicknesses and the field in the 
following layers will usually have dropped sufficiently. If not then a 
second layer pair of the calculated thicknesses can also be added. Figure 
7	shows	a	reduction	of	80%	in	the	field	level	at	λ0 by adding a correctly 

designed pair of layers. The original design used 25 layers of index 
1.45 and 2.15 over glass at 1.52. The modified design has an extra 
pair of layers of design (0.59033H .533748L). The reflectance of the 
multilayer	was	99.9897%	before	the	addition	and	99.9932%	afterwards.	
Unfortunately the field distribution is always sensitive to wavelength. 
At	a	wavelength	some	10%	greater	than	λ0 the field at the boundary 
will increase to the point where the modified layers are actually at a 
disadvantage. Modifications to the electric field distribution are good 

Figure 7. The original and modified field distributions in the first four layers of the original 
and modified reflectors. The interface field has dropped to 80% of its original value and 
the field peak has moved into the low index layer. However, there is a penalty in that the 
maximum peak field now in the low-index layer has increased. The admittance diagram 
in Figure 6 shows that this consequence cannot be avoided.
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over quite limited regions only. Since Yc' is larger than Yc the termina-
tion point of the next high index layer must lie nearer the imaginary 
axis and the field there must rise. This is clear in Figure 7. A second 
pair of detuned layers can also be added to reduced the field at the third 
internal interface also.

The reduction in the electric field at the first internal interface will 
reduce	the	scatter	from	that	interface.	The	reduction	to	80%	of	the	orig-
inal	value	represents	a	drop	to	64%	of	the	original	level.	Of	course	this	
is limited to a small wavelength region because the field can be higher 
elsewhere than before. In fact, because of the increase at the third 
internal interface, accurate calculations yield a drop actually around 
75%.	With	two	pairs	of	layers	the	scatter	is	finally	reduced	by	64%.	This	
is a quite useful figure that may appear of rather lower significance 
when viewed on a logarithmic scale as in Figure 8.

Figure 8. The gain in scattering performance (reflected ARS) by modifying the electric field 
distribution is significant but looks less so when plotted on a logarithmic scale.

Ripple Removal
A quarterwave stack used as a longwave-pass filter is shown in Figure 
9. The fringes in the pass region, referred to as ripple, represent a major 
performance defect. It is quite clear from Figure 9 that the ripple fol-
lows definite envelopes with the packing of the fringes depending on 
the total thickness of the multilayer. This is reminiscent of a slab of 
optical material where the fringes are due to the reflections at either 
side. To achieve high transmittance and remove the fringes we place an 
antireflection coating on either side. Here the structure is rather more 
complicated but the fringes are largely due to a mismatch between the 
structure and the surrounding media. Because of the curious properties 
of the multilayer that, from the appearance of the fringes, must show 
considerable dispersion, designing a structure for each side of the mul-
tilayer  to eliminate the mismatch could be a formidable task. Happily, 
Geffcken (see Part 1 of this account [1]) discovered that eighth-wave 
layers on either side eliminated much of the ripple, and that technique 
was much used. Then Ivan Epstein explained it in his work on sym-
metrical periods [10] that was developed further by Alfred Thelen [11]. 
We, however, have the advantage of immediately accessible and power-
ful computers able to carry out thin film calculations at unprecedented 
speed. Computers are excellent vehicles for the design of antireflection 
coatings and they have no concept of the level of difficulty of a problem. 
Nowadays we simply give the problem to the computer.

Figure 9. A longwave-pass filter consisting of a quarterwave stack with 25, 31, 35 and 41 
layers. The fringes follow definite envelopes that do not depend on the number of layers.

Figure 10 shows a 49-layer longwave-pass filter where the outermost 
eight layers on either side of the structure were modified by a process of 
computer refinement to become ripple eliminating matching systems. 
The internal layers were retained as quarterwaves to maintain the 
high-reflectance zone. Note that while the ripple to longer wavelengths 
was reduced by the process, that to shorter wavelengths was actually 
increased. This effect is well known and has been called [12] the “tooth-
paste tube effect.” Squeezing the tube in one place makes it swell at 
another. The problem is the large variation in optical properties of the 
multilayer from one side of the rejection zone to the other. Matching 
systems for both sides are more difficult and require many more layers.




