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Introduction
As soon as we move to oblique incidence, the properties of surfaces, 
and any accompanying coatings, exhibit increased complexity. There is 
a sensitivity to polarization that does not appear at normal incidence, 
and phenomena such as total internal reflectance, discussed in an earlier 
article [1]. In this article we look at some effects that occur at oblique 
incidence in a simple system of a metal coated with a dielectric layer. 
Some of these are unwanted, some of purely academic interest (at least 
at present) and some can be useful.

Fundamentals
The complications of polarization are eased somewhat by expressing any 
arbitrary polarization state in terms of the two eigenmodes of polariza-
tion, p and s-polarization, characterized by the electric vector parallel 
and normal to the plane of incidence, respectively.

The theory of the effects is then exactly that at normal incidence 
with the characteristic admittances and phase thicknesses replaced by 
those corresponding to the polarization and the angle of propagation in 
the particular layer or medium. We will make much use of the admit-
tance diagram in what follows and so we shall use the modified versions 
of the tilted admittances. They retain the normal incidence value y0 for 
the admittance of the incident medium, regardless of polarization or 
incidence, so that the isoreflectance circles remain as at normal inci-
dence, nested about y0.

The theory was developed in an earlier article [2]. The important 
results given there in equations (7), (8) and (9) are:

 
 
(1)

where the angle of incidence is ϑ0 in the incident medium of index n0,
and the film has optical constants (n – ik) and physical thickness d.
The film modified admittances are s and p for s and p-polarizations
respectively, and  is the tilted phase thickness. The root is to be taken 
in the fourth quadrant. Note that the cosϑ0 in the denominator of s
assures the value of y0 (or n0) for the incident medium independent 
of ϑ0.

There are two common cases. Perfect dielectric materials have zero 
k. These are then given by

 

 
(2)

Metals have large k that dominates their properties so that the term 
n0

2sin2ϑ0 is small compared with the remainder of the expression in 
the numerator of s in (1), and has little influence on it. If we neglect 
n0

2sin2ϑ0 then the results for metals become

 
(3)

that are good enough approximations to use in explaining the effects.

Dielectric-Coated Metal
Front surface mirrors, for example, normally consist of a suitable metal 
layer that yields the necessary broad-band high reflectance, together 
with a protective overcoat of dielectric material. Some interesting effects 
occur in this very simple system.

A study, reported in a 1980 paper by Nevière and Vincent [3] and 
inspired by some effects observed in overcoated diffraction gratings, 
predicted that for s-polarization and very high angles of incidence, close 
to grazing, the reflectance of a metal overcoated with a dielectric layer 
could fall to zero. The analysis was rather involved, and observation of 
the phenomenon appears never to have been reported, but it certainly 
must exist. We shall take a different route towards an explanation and 
show that a similar phenomenon exists also for p-polarization [4].

Figure 1 shows the admittance loci. The diagonal line is drawn from 
the origin to pass through the point (n – ik), corresponding to the metal 
admittance at normal incidence. As the angle of incidence increases, the 
p-admittance of the metal moves down the line towards the origin and 
the s-admittance up the line and further away, as given by (3). At the 
same time, following (2), the p-admittance of the dielectric overcoat falls 
while its s-admittance rises. Thus the corresponding p-admittance circles 
shrink in radius and move towards the origin, while the s-admittance 
circles grow and move away from the origin. At a particular angle of 
incidence, the second intersection of the p-locus with the real axis will 
correspond to the point y0, where the reflectance is zero, and similarly 
at a certain angle the first intersection of the s-admittance with the real 
axis will correspond to the point y0. The actual reflectance will be zero 
only if the appropriate locus terminates at y0 and that condition implies 
a certain optical thickness. Now let the wavelength vary as well. As the 
wavelength increases or decreases the loci will shrink or grow in length, 
respectively. If we allow both wavelength and incident angle to vary 
then there will be some combination of wavelength and of angle that 
will assure zero reflectance. This will apply both to s and p-polarizations 
although not simultaneously at the same wavelength and angle. In fact, 
with films of reasonable thickness there will be multiple solutions. There 
will, of course, be dispersion of the optical constants, but that will simply 
perturb the values of the incident angle and wavelength.

We take, as an example, a protected aluminum front-surface mirror 
for the visible region. The aluminum is protected with a halfwave thick-
ness of silica at a wavelength of 510 nm to give maximum luminous 
reflectance. Figure 2 and Figure 3 show the performance for s and p-
polarizations, respectively. Note that the wavelength scales are slightly 
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nomenon and evanescent field. A thin film implies limited thickness 
and in addition to the tilted admittances we must also consider what 
happens to the phase thickness, δ. The set of equations (2), apply and we 
can adjust them slightly to make the results clearer. Beyond the critical 
angle the quantity inside the square brackets is negative real, and for the 
square root to be in the fourth quadrant, it must be negative imaginary. 
We can write the relationships as

 
 
(4)

where h is positive real.
Both ηs and δ are negative imaginary. Thus a film of this material 

at the appropriate angle of incidence will behave for s-polarization as 
a perfect metallic film. Admittance loci will be perfect arcs of circles, 
described clockwise and starting at the point h on the positive limb 
of the imaginary axis and terminating at –h on the negative limb. The 
behavior for p-polarization is more interesting. Here ηp is positive imag-
inary while δ remains negative imaginary. The admittance loci are still 
arcs of circles, but the circles are described counter clockwise, starting at 
-n2/h on the negative limb of the imaginary axis and terminating at n2/h 
on the positive limb.

Figure 4. Form of coupling into a surface plasmon on the surface of bulk 
metal.

different to make the resonant features clearly visible. In fact, calcula-
tion in the 200 nm to 300 nm region would reveal further expected 
resonances.

Figure 2. The s-reflectance as a function of wavelength and incident angle 
showing the deep resonant feature just beyond 800 nm and at almost grazing 
incidence.

The critical angle and total internal reflection were reviewed in a 
previous Bulletin article [1]. Briefly, given the angle of incidence and the 
two refractive indices on either side of the boundary, Snell’s Law pre-
dicts the angle of propagation in the emergent medium. When the inci-
dent medium has higher refractive index than the emergent, the angle 
of propagation becomes 90° at an angle of incidence known as critical. 
Beyond that angle, the solution to Snell’s Law becomes imaginary, 
propagation of a progressive wave into the emergent medium becomes 
impossible and total reflection is the consequence. The electromagnetic 
field that does enter the emergent medium, decays exponentially with 
distance from the boundary, and is known as evanescent. If a thin film 
is added to the surface and the material index is less than that of the 
incident medium, then it too can exhibit the same critical angle phe-

Figure 1. The admittance diagram showing the p-locus (red) and s-locus 
(blue) of the dielectric overcoat. As the angle of incidence increases the p-
circle radius shrinks and the circle moves to the left while the s-circle radius 
expands and the circle moves to the right.

Figure 3. The p-reflectance as a function of wavelength and incident angle 
showing the deep resonant feature at about 430 nm and at almost grazing 
incidence.

continued on page 26



26 2010 Spring Bulletin

Oblique Incidence
continued from page 25

An important application is in coupling into a surface plasmon. We 
looked briefly at a surface plasmon resonance in an earlier Bulletin [2]. 
There the metal was a thin film, of closely controlled thickness, depos-
ited on a surface illuminated by p-polarized light beyond the critical 
angle. The plasmon was excited on the outer surface. The present alter-
native technique [5] can excite a plasmon on the surface of bulk metal. 
The arrangement is sketched in Figure 4 and is usually known by the 
name Otto.

The admittance locus starts at the interface with the substrate or 
emergent medium, and, in this case, it is the surface of the metal. For 
a high-performance metal, like silver, the starting point will therefore 
be close to the imaginary axis in the fourth quadrant. The tilted admit-
tances of both the metal and the air coupling layer, vary with angle of 
incidence, but the variation of the air admittance is very much faster. 
There is a very precise angle, where –in2/h is very close to the admit-
tance of the metal, and where the circular locus of the air, which starts 
at the metal, passes through the point corresponding to the incident 
glass medium, Figure 5. Then if the air layer is of exactly the correct 
thickness, the reflectance of the system is zero. The conditions vary rap-
idly with angle and so the drop in reflectance is a very narrow angular 
feature, Figure 6. These calculations used silver, borosilicate crown glass 
and a wavelength of 632.8 nm.

Figure 5. The p-polarized admittance locus of the coupling into the surface 
plasmon as in Figure 4. The starting point is the surface of the bulk metal.

A 1985 paper [6] reported an unexpectedly high transmittance of a 
system involving a metal film surrounded by two dielectric films. the 
angle of incidence was set beyond the critical angle for the dielectric 
films. The arrangement is shown schematically in Figure 7. Since the 
two dielectric films are tilted to an angle beyond critical, they present 
the same behavior as the air film in the Otto coupling arrangement 
just discussed. We can understand the effect as a double application of 
this coupling, so that the low-index films act as perfect antireflection 
coatings for the metal. By a happy coincidence, the arrangement also 
produces a minimum of electric field amplitude in the middle of the 
metal, reducing its losses.

We take borosilicate crown glass as the prism materials, cryolite 
(Na3AlF6) as the dielectric film, and silver as the metal. We use a wave-
length of 632.8 nm, an angle of incidence of 73°, beyond critical for 
the cryolite, and arbitrarily choose a thickness of 60 nm for the silver. 

Some adjustment of the thicknesses of the two cryolite layers results in 
the admittance locus of Figure 8, where, since the starting and finishing 
points coincide, we achieve zero reflectance. The resulting p-transmit-
tance at 632.8nm is shown in Figure 9 and the reason for the high 
transmittance revealed as the very low electric field amplitude in the 
silver film, Figure 10. This electric field distribution in the silver layer 
is reminiscent of the distribution in a metal layer with transmittance 
optimized by potential transmittance theory [7] and indeed we can use 
this theory to maximize the transmittance in this arrangement [8] when 
the thicknesses of the dielectric films become completely symmetrical. 
Some small adjustment of the angle of incidence or of the thickness of 
the metal film is necessary if maximum potential transmittance is to be 
achieved.

Figure 7. The arrangement giving enhanced metal transmittance.

The appearance of the field distribution in Figure 10 supports the 
idea of Otto coupling to a surface plasmon on either surface of the metal 
film and leads to an alternative explanation of the phenomenon. It is 
possible to couple into a surface plasmon in other ways. In particular, a 
diffraction grating of the correct grating constant can permit coupling 
from a normally incident beam into a surface plasmon and this is a 
well-known loss mechanism in diffraction gratings. The grating in this 
case can consist of a regular two-dimensional array of small holes in the 
metal film [9, 10], or bumps on its surface [10], and the effect shown 
in Figure 9 can then be reproduced at normal incidence. The grating 
spacing fixes the wavelength at which the effect occurs most strongly. 
It is important to note that the maximum achievable transmittance, is 
still that given by potential transmittance theory. This combination of 
scattering and interference effects is a fruitful area of current research in 
nanotechnology.

Figure 6. The p-reflectance associated with the Figure 5 coupling into the 
surface plasmon resonance.



2010 Spring Bulletin 27

Figure 8. The admittance locus at 632.8 nm, for p-polarized light and for 73° 
incidence, of the arrangement shown in Figure 7. The locus is described from 
emergent to incident medium in the order ABCDE. Note that the cryolite 
(Na3AlF6) segments are described A to B and D to E, that is counter clock-
wise. The thicknesses from incident to emergent media are: Cryolite 230 nm, 
Ag 60 nm and Cryolite 250 nm.

Figure 9. The p-transmittance, at 632.8 nm, of the design of Figure 8.

Figure 10. The distribution of total electric field amplitude through the struc-
ture corresponding to an incident irradiance of 1 Wm-2. continued on page 28
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Figure 12. The s-reflectance of the protected aluminum mirror as a function of 
wavelength and incidence. As the angle of incidence increases the slight dip 
just beyond 10 μm gradually disappears.

Figure 13. The p-reflectance shows that as the angle of incidence increases 
an enormous dip opens up at around 8.5 μm.

Figure 14. The optical constants of silicon monoxide in the infrared [12].

Oblique Incidence
continued from page 27

So far, we have been dealing with completely lossless dielectric films. 
Since metal-coated front-surface mirrors are frequently used over very 
wide spectral regions, their protective dielectric overcoats are not always 
completely free from absorption. Aluminum as the metal, and silicon 
oxide as protection, is probably the most common combination in this 
application. In the infrared, silicon monoxide is sometimes preferred 
over the dioxide, because its onset of absorption at a slightly longer 
wavelength yields marginally better performance at longer wavelengths. 
Figure 11 shows the normal incidence performance, over the range 6 to 
13 μm, of a silicon monoxide protected aluminum front-surface mirror. 
The silicon monoxide layer is some 350 nm thick. There is a slight dip 
at just beyond 10 μm, due to unavoidable absorption in the silicon mon-
oxide, but the overall performance is very satisfactory. It came as a great 
surprise when S.F. Pellicori reported that there was a serious problem at 
oblique angles of incidence.

The observation was quickly matched by calculation [11], and the 
effect appeared to be associated with the reststrahlen band of silicon 
monoxide, shown in Figure 14. The strange feature was that the major 
effect was confined to the short-wave threshold of the band, and not the 
center where the absorption is highest. Why is this?

The answer is in the tilted admittances. We retain the modified ones, 
but the explanation is the same for the unmodified. At the threshold of 
the reststrahlen band, the refractive index, n, falls to a quite low value, 
less than unity, while the extinction coefficient, k, is rising, but not too 
much. The incident medium now has an index rather greater than that 
of the film. The conditions are somewhat similar to those for p-polariza-
tion beyond the critical angle, where the tilted admittance of the lower 
index dielectric film becomes positive imaginary. Here, the tilted admit-
tance of the silicon monoxide briefly enters the first quadrant instead of 
remaining in the fourth. The calculated real and imaginary parts of the 
tilted admittance are shown in Figure 15.

The phase thickness, δ, is always in the fourth quadrant. When the 
admittance is in the first quadrant and the phase thickness in the fourth, 
the spiraling locus that is normally described clockwise, switches to 
counter clockwise. Thus, instead of hugging the imaginary axis, like 
the s-polarized admittance, the p-locus curves the other way, as shown 
in Figure 16. It terminates very close to the admittance of the incident 
medium. Low reflectance is the result.

Figure 11. The performance at normal incidence of an aluminum mirror 
protected by a thin (350 nm) film of silicon monoxide.
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Figure 15. The real and imaginary parts of the modified tilted p-admittance of 
silicon monoxide at 75°. Over most of the region between 8 and 9 μm the 
admittance is in the first quadrant.

Figure 16. The p-admittance locus at 8.6 μm and 75° of the silicon monoxide 
layer. Note the counter clockwise rotation.

Conclusion
A metal overcoated with a dielectric layer seems at first sight to be a 
quite simple system but there are all kinds of interesting effects associ-
ated with it. This article has looked at just a few of these.

References
1. Macleod, A. and C. Clark. “Beyond the critical angle.” 41st Annual Technical Conference 

Proceedings. 1998. Boston: Society of Vacuum Coaters.

2. Macleod, A., “Metals in the admittance diagram.” SVC Bulletin, 2008(Fall): p. 28-34.

3. Nevière, M. and P. Vincent, “Brewster phenomena in a lossy waveguide used just under 
the cut-off thickness.” Journal d’Optique, 1980. 11: p. 153-159.

4. This was first published in the “Macleod Medium” Vol 17 No3 (2009) published by Thin 
Film Center Inc.

5. Otto, A., “Excitation of non-radiative surface plasma waves in silver by the method of 
frustrated total reflection.” Zeitschrift für Physik, 1968. 216: p. 398-410.

6. Dragila, R., B. Lutherda, and S. Vukovic, “High transparency of classically opaque 
metallic films.” Physical Review Letters, 1985. 55: p. 1117-1120.

7. Macleod, A., “Oblique incidence rules.” SVC Bulletin, 2006(Winter): p. 22-25, 28.

8. Macleod, A. and C. Clark. Evanescent waves and some of their applications. 44th 
Annual Technical Conference Proceedings. 2001. Philadelphia: Society of Vacuum 
Coaters.

9. Ebbesen, T.W., et al., “Extraordinary optical transmission through subwavelength hole 
arrays.” Nature, 1998. 391: p. 667-669.

10. Bonod, N., et al., Resonant optical transmission through thin metallic films with and 
without holes. Optics Express, 2003. 11(5): p. 482-490.

11. Cox, J.T., G. Hass, and W.R. Hunter, “Infrared reflectance of silicon oxide and magnesium 
fluoride protected aluminum mirrors at various angles of incidence from 8μm to 
12μm.” Applied Optics, 1975. 14: p. 1247-1250.

12. Palik, E.D., ed. Handbook of Optical Constants of Solids. 1985, Academic Press Inc.

Angus Macleod is currently President of the Society 
of Vacuum Coaters. He was born and educated 
in Scotland. In 1979 he moved to Tucson, AZ, 
where he is President of Thin Film Center, Inc. 
and Professor Emeritus of Optical Sciences at the 
University of Arizona. His best-known publication 
is Thin-Film Optical Filters, now in its third edition. 
In 2002 he received the Nathaniel H. Sugerman 
Memorial Award from the Society of Vacuum 
Coaters.

For further information, contact 
Angus Macleod, Thin Film Center, Inc. at
angus@thinfilmcenter.com. Angus Macleod


	Page 26: 
	Page 25: 
	Page 28: 
	Page 27: 


