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Introduction
In a previous article[1] we briefly introduced the admittance diagram. 
We now take a more detailed look at it.

The admittance diagram is one of a family of graphical techniques 
that are of interest in explaining, rather than calculating, performance 
of a thin-film coating. For calculation, we turn to the computer, but the 
computer is not good at assessing either feasibility or correctness. It will 
faithfully calculate results for a false input just as readily as those for a 
correct input. Even with the greatest possible attention to detail in the 
creation of a program, a bug may still exist in it, or, simply, a sign con-
vention may not be what is expected. An appreciation of the correctness 
of the computed result can help to avoid such pitfalls. There are many 
other occasions when understanding is important. Setting up a starting 
design for refinement, troubleshooting, assessing feasibility of a design 
approach, are just some of these.

The admittance diagram is a record of the variation of surface 
admittance from the interface with the substrate to that with the inci-
dent medium. It can be thought of as a graphical representation of the 
calculation carried out by the computer. Surface admittance contains all 
the information necessary for the calculation of reflectance, and phase 
shift on reflection, in any given incident medium, but, in calculation, 
it is a more accessible parameter than reflectance. The admittance 
diagram can be classified as a back-of-the-envelope technique, because 
often a simple rough sketch is all that is required. With a little practice, 
it can even be visualized mentally without any drawing at all.

The sign convention used in this article is the normal thin-film con-
vention used throughout this series. The complex refractive index and 
characteristic admittance of an absorbing thin film are written as (n-ik) 
with n and k both positive, and a phase lag is experienced by a wave on 
traversal of a given thickness of material.

Surface Admittance
We recall that the characteristic admittance of a material is the ratio of 
the magnetic field to the electric field of a plane harmonic wave propa-
gating through it. At optical frequencies, because of the lack of direct 
magnetic effects, there is a simple relationship between characteristic 
admittance and complex refractive index.

 
 

free space units.               (1)
where a free space unit is 1/377 siemens. Although in this way the char-
acteristic admittance and complex refractive index of a material become 
numerically equal, it must be emphasized that they are not physically 
identical.

At any interface, the components, parallel to the interface, of the 
total electric and magnetic fields, the tangential components, are con-
tinuous across it. These boundary conditions are central to the calcula-
tion of the optical properties of an optical coating. By analogy with the 
characteristic admittance of a material, we define the admittance of a 
surface as the ratio of total tangential magnetic field to total tangential 
electric field when the system is illuminated by a plane harmonic wave. 
Since the total tangential fields are continuous across the surface, so too 
must be their ratio, which we can therefore consider as a property of the 
surface. If we denote the surface admittance by Y then

              (2)

Contributed Original Article

The Admittance Diagram
Angus Macleod
Thin Film Center, Inc, Tucson, AZ

where H and E denote the total tangential components. The surface 
admittance is also normalized to be in free space units. If we have the 
surface of a semi-infinite medium of characteristic admittance, y, then 
the surface admittance is also y. Also, since in any system of layers, 
any plane parallel to the interfaces can be considered as a boundary 
between two similar media, any such plane must also possess a surface 
admittance.

The amplitude reflection coefficient, ρ, of a surface of admittance Y 
in an incident medium of characteristic admittance y0 is

 
(3)

so that reflectance, R becomes
     (4)

The Admittance Locus
We can think of a reference plane in a multilayer that starts at the 
substrate surface and moves smoothly through the multilayer until 
it reaches the incident surface. As it moves, it remains parallel to the 
interfaces and presents a surface admittance. The continuity of the total 
tangential fields as the boundary moves assures also the continuity of 
the surface admittance. The total tangential field components are deter-
mined purely by the structure to the rear (that is towards the emergent 
medium) of the plane where they are measured or calculated. Thus, the 
variation of surface admittance as the plane moves through the coat-
ing is identical to that variation measured at the front surface during 
the construction of the multilayer. The surface admittance is generally 
complex. Visualization of the variation of a complex number is best 
achieved by plotting its locus in the complex plane. The resulting locus, 
the admittance locus, turns out to be readily understandable and gives 
considerable insight into the behavior of the optical coating concerned.

The locus is a continuous one and, provided there is no gain in the 
system, is confined to the first and fourth quadrant of the complex 
plane. The complex plane including the locus is usually referred to as an 
admittance diagram.

For a simple dielectric layer the locus is particularly simple. It is a 
circle, described clockwise as thickness increases or the reference plane 
moves further away from the emergent medium. The real admittances 
where it cuts the real axis are related by the quarterwave rule:

 (5)

where a and b are the admittances of the points of intersection and yf
is the characteristic admittance of the dielectric layer. The semicircle 
between the two intersections with the real axis represents a quarter-
wave in optical thickness, and the complete circle, a halfwave. The com-
plete locus for a dielectric multilayer will consist of a set of joined arcs 
of circles, all of which obey the appropriate quarterwave rule and which 
trace a path from the admittance of the emergent medium, or substrate, 
to the surface admittance of the front, or incident, surface.

Using the quarterwave rule, it is easy to show that the complete set 
of all possible loci for a given dielectric material is a nested set of circles, 
nested about the point (yf, 0). No member of this set intersects any other 
member of the same set and so, if we stay with that one material, the 
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continued on page 30

locus simply runs round and round the same circle. Add a nested set of 
loci belonging to a different yf, and now all the circles of one set inter-
sect circles belonging to the other and it becomes possible, by moving 
between the two sets, to reach any desired point in the complex plane. 
Figure 1 shows members of the set of circles belonging to material of 
characteristic admittance 2.00. The real axis cuts the circles into quar-
terwaves. It can readily be shown that the circle with center the origin, 
and passing through the point (yf, 0), cuts the circles further into eighth 
waves.

Figure 1. Admittance loci for material of characteristic admittance 2.00 
shown as red circles. The real axis and the blue circle centered at the origin 
and passing through the point 2.00 on the real axis, cut the loci into eighth 
waves.

In order to complete the diagram we need some indication of 
reflectance and phase shift on reflection. The sign convention is defined 
by (3). In the previous article[1] we arrived at a set of isoreflectance 
and isophase contours through the bilinear transform. Here we use a 
different argument based on logic. Adding a thin film of characteristic 
admittance equal to that of the incident medium to a surface does not 
change the reflectance. Therefore, the isoreflectance contours must coin-
cide with the admittance loci of incident medium material, which are 
a set of circles nested about y0. The point y0 represents zero reflectance 
and the reflectance of the isoreflectance circles rises with their distance 
from y0. We can also deduce the contours of phase shift on reflection, 
ϕ. As we add incident medium material, we change the phase shift on 
reflection that is measured at the front interface. An eighth wave of inci-
dent medium material causes a phase retardation of 90°, a quarterwave 
of 180°, and so on. Figure 2 shows a set of isoreflectance circles for an 
incident medium of characteristic admittance unity together with the 
quadrants of the reflection phase shift, ϕ.

An immediate consequence of the form of the loci and isoreflectance 
circles is that any point of tangency between an admittance locus and an 
isoreflectance circle must lie on the real axis. This implies that extrema 
of reflectance, as a layer is deposited, must coincide with the points of 
intersection with the real axis. Further, it can readily be deduced that if 
the layer admittance is greater than that of the incident medium (usu-
ally the case) then the semicircles above the real axis represent always 
rising reflectance and the semicircles below, reducing reflectance, with 
increase of layer thickness. These deductions are of special importance 
in the study of optical layer-thickness monitoring.

Usually it is better not to try to draw the set of isoreflectance circles 
on each admittance diagram but rather to keep the pattern in mind. 
With a little practice, it becomes very easy to see whether the reflectance 
is increasing or decreasing and the pattern of change of the phase shift. 

Also, although the admittance diagram involves no approximations, 
we usually sketch it approximately better to bring out the pattern. For 
example, the admittance locus of a quarterwave stack expands so rapidly 
that it is difficult to appreciate the structure of an accurate diagram and 
so we generally sketch it with a somewhat reduced rate of expansion.

Some Examples
The following examples are particularly simple ones, chosen for ease 
of explanation rather than demonstration of complexity or power. The 
method is capable of much more.

We start with the simple two-layer antireflection coating known as 
the V-coat. We assume a substrate of characteristic admittance 1.52, rep-
resenting crown glass, a high-index layer of admittance 2.4, representing 
titanium dioxide, a low-index layer of admittance 1.38, representing 
magnesium fluoride, and an incident medium of admittance unity, cor-
responding to air. Figure 3 shows the appropriate circular loci assuming 
that the magnesium fluoride terminates at the point 1.00 on the real 
axis, implying zero reflectance, and the titanium dioxide starts at the 
point 1.52, that is the substrate.

Figure 3. The blue circle represents a locus for 1.38 material ending at the 
point 1.00, denoted by F, and the red circle 2.4 material starting at 1.52, 
denoted by A. The two broken orange circles cut the appropriate loci into 
eighth waves.
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Figure 2. Isoreflectance circles at intervals of 10% for incident medium 
y0 = 1.00. The real axis and the blue circle define the boundaries of the 
quadrants of phase shift on reflection. The quadrants are marked.
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The Admittance Diagram
continued from page 29

In order for an admittance locus to be valid, it must be continuous. 
There are two obvious continuous paths from substrate to incident 
medium here, ABCEF and ABDEF. Optical coatings obey the simple 
rule of interference that the thicker the coating the narrower the 
fringes. Since we would like the characteristic of the coating to be as 
broad as possible, we choose the obviously thinner coating, ABCEF.

The two broken circles in Figure 3 cut the loci at the eighth-wave 
points. We can roughly estimate the thicknesses of the layers in the 
ABCEF path as one sixteenth of a wave for the high index and five six-
teenths for the low. This is a good enough estimate for a starting design 
for refinement.

The admittance diagram has done two things for us so far. It has 
confirmed the feasibility of the coating and has provided a rough 
estimate of the required thicknesses. It can also give us an idea of the 
nature of the coating response as wavelength is varied. An increase in 
wavelength shrinks the locus and vice versa. Figure 4 shows an accurate 
plot of the variation of the locus with wavelength, but it is not necessary 
to have an absolutely accurate plot to form a reasonable appreciation of 
the coating characteristic. The computer will always give us the accu-
rate results. We want to be sure that the computed results accord with 
our expectations.

Figure 5 shows the performance in blue of the rough design 
deduced from the preliminary admittance diagram of Figure 3. The red 
curve is the final refined performance.

Figure 5. The performance of the V-coat. The blue curve is the raw perfor-
mance of the initial rough design extracted from the admittance diagram of 
Figure 3. The red curve is the performance of a refined design that has a 
minimum reflectance at 510 nm calculated to be less than 10-10 %.

Figure 6. The performance of a quarter-half-quarter coating compared with 
the uncoated substrate.
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Figure 7. Admittance locus of the quarter-half-quarter coating at 510nm and 
650nm.The general shortening of the locus as the wavelength increases is 
compensated by the features marked A and B so that the locus terminates 
in the region of 1.00 on the real axis. The terminating admittance for the 
region 400 nm to 700 nm is indicated by the broken orange line.

The usefulness of a halfwave layer in flattening the performance of 
an antireflection coating is well known and a classical example is the 
quarter-half-quarter coating. The example used here is a glass substrate 
of admittance 1.52 carrying a quarterwave of admittance 1.7 next to 
the substrate, followed by a halfwave of admittance 2.15 and termi-
nated with an outermost quarterwave of admittance 1.38. The incident 
medium is air of admittance 1.0. Figure 6 shows the performance. The 
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admittance diagram, Figure 7, explains the action of the halfwave layer. 
It introduces two reentrant features, marked A and B in the diagram 
and corresponding to the junctions between the halfwave and the sur-
rounding layers. These two features compensate the shortening of the 
loci due to an increase in wavelength. Not shown, to avoid too much 
confusing detail, is the effect of reducing the wavelength. Here the com-
pensation is similar but in the opposite direction. It cancels the effect of 
a general increase in the lengths of the loci. The broken orange curve 
shows the quite small variation of the terminating admittance over the 
visible region.

If we have a high and low-admittance pair of layers (yH and yL 
respectively) then it can be shown that any surface with an admittance 
lying in a circle centered on the real axis defined by:

                                                                  (6)

can be perfectly antireflected at one wavelength by a two-layer combina-
tion of the two materials. y0 is, as usual, the admittance of the incident 
medium and is assumed to be less than both yH and yL. It is possible, but 
difficult, to prove this relationship analytically. The admittance diagram 
makes it relatively straightforward.

Figure 8 shows an admittance diagram where the high-admittance 
layer is outermost and terminating at y0. The two blue circles are tangent 
to the red circle and represent the boundaries of a region susceptible to 
perfect antireflection by a two-layer coating where the low-admittance 
layer is innermost. The broken blue circle represents any intermediate 
low-admittance locus.
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Distance Learning Self-Paced Course on
Fundamentals of Vapor Deposition
On-line courses offer the opportunity to attend classes at your own convenience, at any time, and in any place. This 
Distance Learning Program is co-sponsored by the University of Delaware and the Society of Vacuum Coaters, through the 
distance learning system–UD Online. This new approach to teaching and learning is student-centered and eliminates the 
constraints of time and location that other education programs place on course registrants. Registrants who complete the 
course receive Continuing Education Units (CEUs). The program emphasizes innovative instruction and learning. The 
instructor and course registrants can leverage the wealth of resources available on the Internet to support this instruction.

December 8–19, 2008

Course Description:
This “Fundamentals of Vapor Deposition” course 
will introduce students to essential concepts 
involved in using vapor deposition techniques to 
create thin film materials. Students will be 
exposed to core concepts of the most common 
types of vapor deposition technologies. Topics in 
nucleation and growth of films, kinetics of vapor 
deposition of films, and failure mechanisms of 
films will be presented in order to develop an 
understanding of the connection between vapor 
deposition parameters and thin film properties. 
The information presented in the course will be 
useful for professionals who are new to the field 
of vapor deposition as well as for practitioners 
already in the field of vapor deposition who want 
to learn more about vapor deposition technology 
related to their field of expertise. No prior formal 

training in vapor deposition technologies is 
required for students to benefit from the course.

Course Content:
    • Thermal evaporation
    • Kinetics of vapor deposition
    • Sputtering
    • Nucleation and growth of thin films
    • Chemical vapor deposition
    • Failure mechanisms of thin films
    • Molecular beam epitaxy 

The material presented in the course is equiva-
lent to the amount of information covered in one, 
eight-hour duration “live” course. Registered stu-
dents will receive a CD that contains the course 
content. Students can retain the CD following the 
course. Students can complete the course at 
their own pace over a designated two-week long 

period. During this time, students will be able to 
contact the instructor privately via E-mail with 
questions. Students also will be able to partici-
pate in group discussions of questions on line. 
Each unit (listed above) will have a discussion 
page on which students can post questions spe-
cific to the content in that unit. The instructor 
will answer the posted questions daily, and stu-
dents are welcome to participate in the discus-
sion of topics raised on the discussion pages by 
other students. In order to complete the course, 
the instructor will ask each student to provide a 
short answer essay (500 words or less) to a 
question based on practical applications 
involving vapor deposition.

Instructor:
S. Ismat Shah, University of Delaware

Next Course Dates:  December 8–19, 2008
Course Materials: CD-ROM titled, “Interfacial Systems Engineering Vapor Deposition,” published by WESEECO™
Fees: Early Registration—$495; Late Registration (after 11/24/08)—$525. Shipping of CD outside the U.S. and Canada is an additional $40.
How to Register:  Register by phone or fax: 302/831-1171 Fax 302/831-0701 (credit cards only) or complete the form on the SVC Web Site at
http://www.svc.org/EP/EP_LongDistance.html
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Figure 8. The red circle represents a high-index locus terminating at the
incident medium admittance. Insertion of a low-index layer, blue loci, 
between the high index and the substrate allows any admittance within 
the blue area to be antireflected. The broken blue circle represents any 
low-index locus in between the two limiting loci shown.

Figure 9 reverses the order of the layers so that the low-admittance 
is outermost. The inner blue locus represents the low-admittance layer 
terminating at the point y0. Now any admittance within the red region 
can be antireflected. We retain in the background of the diagram the 
blue region from Figure 8. The boundaries of the combined blue and 
red regions are the outer blue circle, hence the result.

We can also see, from Figure 9, a necessary condition. Should the 
inner red circle be to the left of the point of tangency with the blue 
circle, then its internal area will be neither red nor blue, and therefore 
unable to be antireflected. To avoid this condition we must have

  
   (7)

We mentioned the difficulties associated with the rapidly increasing 
admittance of the quarterwave stack if the locus is accurately drawn. 
However, it is quite possible to make deductions about the quarter-
wave stack without necessarily drawing the locus exactly to scale. 
Figure 10 shows the form. Any real stack would usually expand rather 
more quickly. Clearly, if the stack terminates with a high-admittance 
quarterwave then the phase shift on reflection will be 180°. If it were 
to terminate with a low-admittance layer then the phase shift on reflec-
tion would be 0°. However, since that would result in a rather lower 
reflectance, it would be an unusual configuration.

The lengths of the loci reduce with increasing wavelength. The 
quarterwave stack spiral-like locus unwinds a little. This moves the 
phase shift on reflection into the third quadrant. Similarly, a reduc-
tion in wavelength moves the phase shift on reflection into the second 
quadrant. Thus, the diagram allows us to deduce the sense of the 
change in phase, important in a number of applications.

The Admittance Diagram
continued from page 31
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Figure 9. Now the layer order is reversed from that of Figure 8 so that a low-
index layer is next to the incident medium. The inner blue locus terminates 
at the incident medium admittance and the red area can be perfectly antire-
flected. Note that the inner red circle should be to the right of the inner blue 
circle implying that yH should be greater than yL

2/y0.
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Figure 10. The admittance locus of a quarterwave stack at the reference 
wavelength consists of a series of semicircles with the approximate appear-
ance of an expanding spiral. The broken orange circle passing through y0
together with the real axis divide the diagram into the quadrants of the 
phase shift on reflection, which are indicated.

The nature of interference coatings is such that there is light propa-
gating backwards and forwards inside the coating, and, unless we have 
a perfect antireflection coating, in the incident medium. This leads to a 
standing wave, and a variation in the electric field amplitude. The inter-
action of the light with the material is through the electric field, most 
interactions being proportional to the square of the electric field ampli-
tude. Such interactions include scattering and absorption. Some idea of 
the variation of electric field through the coating is, therefore, useful and 
is readily obtained from the admittance diagram.

If the system of layers is purely dielectric, that is without significant 
loss, then the net irradiance through the system must be constant. The 
net irradiance, a constant, is a function of the total electric and mag-
netic fields and they are related through the surface admittance. A little 
analysis shows that the electric field amplitude through the coating is 
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inversely proportional to the square root of the real part of the surface 
admittance. Contours of constant electric field amplitude are, there-
fore, normal to the real axis and increase towards the imaginary axis. 
Since the points of tangency between the circular loci and the electric 
field contours must be at the real axis, the electric field extrema must 
also coincide with the intersections of the loci with the real axis. The 
maximum electric field corresponds to the intersection that is nearest 
the imaginary axis and the minimum to the intersection furthest from 
the imaginary axis. In Figure 10 the position of the maximum field is 
marked as A and the minimum as B. The outer surface, therefore, has 
the minimum associated electric field in the entire coating while the 
maximum field is at the first interface behind the front surface. In most 
antireflection coatings the intersection with the real axis nearest the 
imaginary axis where there is maximum field, is the front surface.

It has long been known that in the direct optical monitoring of 
systems of quarterwave layers, there is inbuilt error compensation when 
the monitoring wavelength coincides with the reference wavelength 
at which the layers are quarterwaves. The admittance diagram helps 
us understand this compensation mechanism. Figure 11 shows an 
admittance diagram representing the monitoring of two successive 
quarterwave layers consisting of a high followed by a low-admittance 
quarterwave layer. The correct, theoretical locus is indicated by the 
thick magenta and green semicircles. In monitoring, we suppose that 
a large error of 20% in layer thickness is made in the high-admittance 
layer. If the low-admittance layer can be terminated exactly at the 
turning value of reflectance then the error is a very small shift along 
the real axis, yielding the correct phase and a very small error in reflec-
tance. The excess thickness of the first layer is compensated by a deficit 
in the second layer. Of course, the compensation is good over a limited 

wavelength range and so is appropriate for narrowband filters and for 
quarterwave stack reflectors, but less useful for broadband components.
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Figure 11. The admittance locus for the exact monitoring of a high followed 
by a low-admittance quarterwave is shown as a thick magenta followed by 
a thick green semicircle. Overlaying that is a locus of a high-admittance 
layers with a thickness overshoot of 20%. If the following low index layer is 
controlled to end at the reflectance extremum, rather than the theoretical 
quarterwave thickness, then the resulting error at the monitoring wave-
length is very small and represents a slight shift along the real axis. The 
correct phase condition is achieved with a very slightly reduced reflectance.

continued on page 36
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Oblique Incidence
The interpretation of admittance diagrams at oblique incidence is ren-
dered more difficult because the characteristic admittances split into 
the p and s tilted admittances. Since the incident medium also exhibits 
split admittances, the isoreflectance circles move to yield one set for 
p and another for s-polarization. It is difficult to keep track of them, 
especially as adding them to the admittance diagram contributes to an 
obscuring clutter. The characteristic admittances are normalized to be 
in free space units. This simplifies enormously our analyses without 
introducing any major problems. Thus, it is a small extension to nor-
malize them further.

To retain the isoreflectance circles in their normal incidence posi-
tion, the incident medium admittance should remain at y0 instead of 
the p and s values of y0/cosϑ0 and y0cosϑ0 respectively. This implies 
normalizing them by multiplying the p and dividing the s-value by 
cosϑ0. Thus:

  and                          (8)

These admittances are sometimes referred to as the modified admit-
tances. Of course, the substrate exhibits polarization splitting but it is 
impossible to remove every complication of working at oblique inci-
dence. Figure 12 shows the admittance diagram for a two-layer V-coat 
for s-polarization at 45° incidence, where we are using the modified 
admittances.

The Admittance Diagram
continued from page 33

0cos
cosp
y ϑη

ϑ
=

0

cos
coss
y ϑη

ϑ
=

Figure 12. Admittance locus for a V-coat for 45° incidence. The substrate 
has admittance 1.52, the incident medium 1.00 and the layers 2.15, next to 
the substrate, and 1.38, outermost. The normalization makes the correct ter-
mination for zero reflectance the point 1.00 instead of 0.707.

There is much more to oblique incidence and we shall return to it in 
a future article.

Conclusion
To function effectively in virtually any field, a basic understanding of the 
fundamental principles is important and optical coatings are no excep-
tion. Feasibility, troubleshooting, preliminary design, are just some of 
the areas where understanding is important. Although our accurate cal-
culations are invariably carried out by computer, the computer can pro-
duce an incorrect result just as cheerfully as a correct one. It will attack 
an insoluble problem just as vigorously as a soluble one. Alternative 
techniques that help us to assess the correctness of a computed result or 
the feasibility of a given task without involving considerable labor are 
therefore of some importance. The admittance diagram is a useful tool 
in all of these areas.
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